An import-lag model for calculating the change in inventories – example based on Ethiopia data
1. Overview

From the expenditure point of view, changes in inventories of goods purchased for resale (by domestic traders) and of goods intended for further processing (either raw materials or intermediate goods) need to be included in the total expenditure during any accounting period.  Sources of information of the stocks of these types of goods held by domestic traders and by producers are generally difficult to identify, and the quality of such data is often inadequate. 
One approach to estimating the change in the inventories of such goods is to consider the data on the imports of these goods.  It is possible to classify the reported Customs’ data according to their ‘End Use’, i.e. the main purpose for which such goods are imported.  For example, cement is used in the construction industry as an input, whereas imports of shoes are most likely to be made by domestic traders for resale.  By making assumptions about the average length of time which such goods are likely to be used – either turned into investment goods (in the case of cement) or final consumption (in the case of imports of shoes), it is possible to use the data on imports to estimate the charge in the inventories of these goods.
2. The model

The calculation is controlled from the workbook ‘Inventories_Import_Model.xlsm’. 
The workbook uses the data in the worksheet ‘Imports’, which contains data aggregated by Broad Economic Categories (BEC) headings which relate to Raw materials, Intermediate Goods and Goods for resale.
Key assumptions underlying the model are that: 
i) All imports take place in exactly the middle of the month;
ii) The price of these imports is given by the average UVI for the period; and,
iii) The rate of withdrawals decays exponentially over time.
3. Current price changes in inventories
The current price change in inventories is calculated as the difference between acquisitions and withdrawals, valued at the time they entered or left the inventory.  The model ignores any recurrent losses.
Acquisitions
Acquisitions (i.e. additions to inventory) during each month are taken to be the imports, valued CIF.  Imports are assumed to all arrive on the middle day of the month.  The price of imports is taken as changing according to the relevant UVI for the product.  These assumptions make the modelling much more straightforward in both current and constant prices.
Withdrawals
For withdrawals from inventory, the model assumes a ‘lag’ between the time of import and the time of use (i.e. when the goods are consumed or turned into capital formation).  In selecting appropriate lags for each type of good, consideration is given to the ways in which the goods are used; for example traders do not wish to store goods for long periods because it ties up the capital, so footwear is assumed to be sold within 1 month of importation; perishable goods (fruit, vegetables, milk etc.) must be used quickly and so a lag of ½ a month is assumed; others consumables, like confectionary, beverages and tobacco, are deemed to have a longer ‘shelf-life’, but must still be used within a few weeks of importation (6 weeks is assumed in the model);  construction materials, including cement, may be imported in bulk, because of the reduced costs, and may take a few months before they are completed ‘used’.
The lags between the time of import and ‘complete’ use of each type of import is shown in Annex 1. The worksheet ‘Import_lags’ allows the user to calibrate the model by selecting different lags for each type of good.
Once the lags have been assigned, the calculation of current price withdrawals takes account of two factors:
1. The value of the goods at the point in time when they are withdrawn from inventory (to remove holding gains).  
2. The rate at which the imported goods are turned into consumption (either intermediate of final or turned into investment goods).  
These factors are considered in the following sub-sections.


The valuation of withdrawals – interpolating UVIs
In the calculation of the current price change in inventories, withdrawals must be valued at the point in time at which they are withdrawn from inventory, not on their historic cost. i.e. holding gains/losses must be removed from the value of the withdrawals.  In the model, therefore, it is necessary to include information on the price of imports, to ‘reflate’ the goods over the period from when they enter inventory at time t (as imports valued CIF), and their withdrawal at time t+i.  
The price of imports used in the model is based on the Unit Value Indexes (UVIs) calculated from the Custom’s data.  The UVIs are available only with a quarterly periodicity, whereas the inventory model requires monthly data.  It is therefore necessary to ‘spline’ the UVI series – see worksheet ‘UVIs(splined)’.  Also, because the UVI series does not exist before 2010 Q3, the splined, monthly, UVI series is backcast for the earlier periods (back to January 2009).  The monthly UVIs which are required in the calculation of the withdrawals are maintained in the worksheet ‘UVIs(final)’. 



Next, to exclude holding gains/losses from the value of imports at the point at which they are withdrawn, see below, it is necessary to estimate the deflator for all (instantaneous) times, t, in the interval (0,n).  Based on the known (splined) deflators at times 0, 1, 2,…n,  the deflators at instantaneous time t  are estimated by linear interpolation.  Generally, if the deflator at time     (a+ ½), i.e. in the middle of a month is denoted, and a month later, at time a+1½ it is , then an estimate the deflator at time t (where is:
 where 
….(1a)
and
 where 
….(1b)
Note also that D(t) can be expressed as a linear function of t, i.e.:

…(1c)

where ,   for 
…(1d)

               and ,   for 
…(1e)
This is useful in simplifying the derivations in what follows.


The rate withdrawals from inventories – an exponential decay model[footnoteRef:1]  [1:  Annex 3 presents an alternative, ‘straight line’ method of allocating imports at time t to withdrawals between times 0 and n.] 

In terms of the rate at which stocks of imports are withdrawn from inventory, it is assumed that the percentage of withdrawals at time t is given by: 

						…(2)
So that the total value of imports made at time p, which are withdrawn from inventory at the instant t is given by:

					…(2a)

where is the value of imports at time t.  
Note: because imports are assumed to occur at a point in time exactly half way through the month, in the first period imports occur at t=p=0.5, in the second period they occur at t=p=1.5 etc.
This model ensures that half of the imports will have been withdrawn by time:

					


i.e. this is the ‘half-life’ of imports held in inventory.  For example, if =0.1, then the half-life is 6.9, or around 7 weeks.  More generally, the time by which % of withdrawals have occurred is given by:



With this model, the approximate time (in weeks) for withdrawals to reach % is given by the following table:
	 
	

Weeks before % withdrawn:  =

	Half-life in days
	25%
	50%
	95%
	99%

	1
	0.1
	0.1
	0.6
	0.9

	2
	0.1
	0.3
	1.2
	1.9

	3
	0.2
	0.4
	1.9
	2.8

	4
	0.2
	0.6
	2.5
	3.8

	5
	0.3
	0.7
	3.1
	4.7

	6
	0.4
	0.9
	3.7
	5.7

	7
	0.4
	1.0
	4.3
	6.6

	8
	0.5
	1.1
	4.9
	7.6

	9
	0.5
	1.3
	5.6
	8.5

	10
	0.6
	1.4
	6.2
	9.5

	15
	0.9
	2.1
	9.3
	14.2

	20
	1.2
	2.9
	12.3
	19.0

	25
	1.5
	3.6
	15.4
	23.7

	30
	1.8
	4.3
	18.5
	28.5

	40
	2.4
	5.7
	24.7
	38.0

	50
	3.0
	7.1
	30.9
	47.5



For example, if the half-life is set to 20 days, 25% of imports will have been withdrawn within the first 1.2 weeks (around 8 days); 50% by around 3 weeks (actually 20 days); 95% within 12 weeks; and 99% within 10 weeks.
So, defining ‘n’ as the number of months (or part months) by which we expect all inventories (or at least 99% of them) to be consumed, then the associated lambda is:


As an example, consider the months 1,..,6 for which:
	Months before 99% consumed
	Half-life (months)
	Lambda

	1
	0.23
	2.996

	2
	0.46
	1.498

	3
	0.69
	0.999

	4
	0.93
	0.749

	5
	1.16
	0.599

	6
	1.39
	0.499



The table indicates that, for cement, where the imports are assumed to be used within 6 months of importation, the half-life is around 1.39 months and the lambda in the exponential decay model is 0.499.


Recap: equation (2a) gives the proportion of the stock of imports (made at t=p), which are withdrawn from inventory at time t ; and equation (1c) gives the price of the withdrawals at time t in the interval .


To calculate the total (i.e. the flow) of revalued withdrawals of inventories in the period with , made from the stock goods imported in the period p, Mp, we can observe that in an sub-interval (t, t+t) of the interval (a, a+1), the value of withdrawals from these imports is approximately: 

As the intervals t get smaller, we can integrate the product of the instantaneous level of withdrawals (from (2a)) multiplied by the change in the price (from (1)), i.e. 


So that:

										…(3)

For example, for the imports in month ‘zero’, which runs from t=0 to t=1, the amount of withdrawals made from this stock of imports (made at time t=1.5) in the period (2 ,3) is given by:

Integrating equation (3), gives:

										…(4)





In practice, to estimate the withdrawals in each calendar month the calculation is undertaken in ‘half-month’ intervals.  This is necessary because the definition of D(t) given in equation (1c) requires that the value if D(t) is calculated for each ‘half-period’. For example is the withdrawals in the interval (0, 0.5) of imports made in the first period (at time t=0.5).  More generally, is the withdrawals in the interval (a, a+0.5) of imports made at time , and is the withdrawals in the interval (a+0.5,  a+1) of imports made at time .

So, expanding  and   from definitions (1d) and (1e), gives,  
for 

										…(5a)
and for 

										…(5b)

Taken together, equation (5a) plus (5b) give the total withdrawals (after removing holding gains/losses) from the stock of goods imported at time t=p, which were withdrawn in period (a, a+1). 

Next, to calculate the total withdrawals from inventory in the interval , it is necessary to add together those which were withdrawn from the stock of imports made in the first period, plus those withdrawn from the stock of imports made in the second period, plus those withdrawn from the stock of imports made in the third period, etc. up to those which were withdrawn from the stock of imports made in the period a-1, and, finally, those which were withdrawn from the stock of imports made in period a itself (assumed to be withdrawn in the second half of the month because the goods are assumed to be imported only in the middle of the month).
The process is illustrated below for the period (t=3, t=4), based on hypothetical data (with deflators all set =100) and imports as M0=1000, M1=800 and M2=1200, and M3=5000.  The chart shows the exponential decay function (based on lambda =0.5, which is approximately the value associated with ‘total withdrawal’ occurring within 6 months).  The withdrawals between t=3 and t=4 associated with each set of imports are indicated by the coloured areas.  The total withdrawals is then the sum of the four areas (note that these are shown as overlapping, so that, for example, the green area is ‘hidden’ behind the orange and blue areas).
Schematic representation of exponential withdrawal of import 
[image: ]

So, the total withdrawals in the period (a,a+1) is given by: 

where the period over which  is calculated is dependent is based on the scheme illustrated in the diagram above.  Also, summation takes place only where  (i.e. where time is positive).
So, for example, for the period (3,4) (as in the illustration) we have:

Notice that the last term includes only half of the range (- ½ , + ½ ) because the integral is not defined for . 
Therefore, from (4), the total withdrawals from inventory (from all vintages of imports) in the period     (a, a+1) is given by: 

											…(6)

For example, for the period (2,3) we have:


Expanding the terms gives:

Finally, the current price change in inventories in the period (a, a+1) can be calculated as acquisitions less the (revalued) withdrawals, i.e. :

											…(7)

4. Constant price changes in inventories

For the constant price series, the procedure is more straightforward.  The same assumption about the timing of the delivery of all imports is made, i.e. that they occur in the middle of the month, valued at the price indicated by the average UVI for the period.  These can then be deflated to constant base period prices by dividing by the ratio of the deflator at time t divided by the deflator of the base/reference period, i.e.  

					…(8)
These constant price imports are then assumed to be withdrawn from inventory according to the same model as for current price inventories, i.e. equivalent to equation (2a).  

					…(2b)
The flow of constant price withdrawals from inventory, of imports made in period p, during the period (a, a+) can then be estimated as:




i.e.
																				…(9)
For example, the flow of withdraws from imports made at time p=1.5 in the period (3,4), is given by:


The total flow of constant price withdrawals during the period (a, a+1), including those from all vintages of imports made in the periods between 0, 1 ,…., a), is then given by:

where  
								…(10)
Notice that the notation again uses ‘half-periods’, because the last period in the summation includes only half of the period a for imports made during that period, for example:






Note that the last term has indexes <0, and so is excluded (i.e. is set = 0), because the summation should only include in the period (2,3) the first ‘half’ of withdraws made from imports made at t=2.5. 
And the constant price change in inventories in period (a, a+1) is estimated as: 

											…(11)
5. Practical calculation issues 
Because of the complexity of the calculation of the reflated withdrawals, this is undertaken in a VBA macro – ‘Sub Imp_Model()’.  An example of the calculations is given in the ‘EG_’ worksheets.  
The final series for current price withdrawals is stored in the worksheet ‘Withdrawals_CP’.   
6. The results
The data used in the model start from January 2009.  Since the longest ‘lag’ in the model is 6 months, the estimation of the change in stocks is only effective from the period July 2009.  This is acceptable, since, in the estimation of GDP(E),  the data are only required for changes in inventories from July 2010. 
The charts shows the change in inventories as a percentage of total imports over the period 200907-201403.  This shows that the average change is close to zero (meaning there is no bias in the model), with fluctuations over the period ranging between +/- 10% of total imports.  There is also no statistical correlation between the changes in inventories between successive periods (the Durbin-Watson statistic is 2.11).
[image: ]
[image: ]The following chart compares the current and constant (January 2009) price changes in inventories (note the ratio of the average absolute change in CP compared to KP inventories is around 1.32, meaning that the KP change in inventories is generally smoother, as expected):



The following chart compares the current and constant (January 2009) price changes in inventories based on the exponential decay and straight-line methods.
[image: ]

Annex 1: Lags between import and use
	Code
	Description
	End Use
	Used within (months)


	
	
	
	Exponential decay method
	Straight line method

	1101
	Alive Animals
	Capital Goods
	2
	2

	1102
	Meat and fish
	Raw materials
	0.5
	0

	1103
	Milk and milk product, birds eggs, natural honey
	Raw materials
	0.25
	0

	1104
	Fats and oil of animal or plant origin
	Raw materials
	1
	1

	1105
	Vegetables, fruits and spices 
	Raw materials
	0.5
	0

	1106
	Cereal, flour and seeds
	Raw materials
	1
	1

	1107
	Various food preparations
	Raw materials
	1
	1

	1108
	Salt
	Raw materials
	3
	3

	1109
	Sugar and sweet
	Goods for resale
	2
	2

	1201
	Beverages
	Goods for resale
	3
	3

	1202
	Tobacco
	Goods for resale
	3
	3

	1301
	Clothes
	Goods for resale
	1
	1

	1302
	Cloth
	Goods for resale
	1
	1

	1303
	Shoes
	Goods for resale
	1
	1

	1401
	Pharmaceutical  Products
	Goods for resale
	3
	3

	1402
	Perfumes products
	Goods for resale
	3
	3

	1501
	Bedding
	Goods for resale
	2
	2

	1502
	Dishes and others kitchen articles
	Goods for resale
	2
	2

	1503
	Others household goods
	Goods for resale
	2
	2

	1600
	Non utility transport
	Goods for resale
	1
	1

	1700
	Papers and cartons
	Goods for resale
	1
	1

	1900
	Other consumer goods
	Goods for resale
	1
	1

	3101
	Cement and other similar products
	Intermediate Goods
	3
	3

	3102
	Metallic construction material  
	Intermediate Goods
	6
	6

	3103
	Other constructions materials
	Intermediate Goods
	6
	6

	3201
	Food industries 
	Intermediate Goods
	1
	1

	3202
	Textiles industries 
	Intermediate Goods
	3
	3

	3203
	Paper industries 
	Intermediate Goods
	3
	3

	3204
	Chemicals industries 
	Intermediate Goods
	6
	6

	3205
	Woods industries 
	Intermediate Goods
	6
	6

	3206
	Metallic industries 
	Intermediate Goods
	6
	6

	3207
	Various industries
	Intermediate Goods
	2
	2

	3300
	Fertilizers
	Intermediate Goods
	3
	3

	3400
	Other intermediate goods
	Intermediate Goods
	2
	2




Annex 2: Example of exponential decay
This example shows, for a half-life of 28 days and with the deflators shown on the table, the profile of withdrawals over the first 12 months:
	Half-life (days)=28

	Months
	Deflator
	Cumulative withdrawals

	0.0
	86
	

	0.5
	
	31.7%

	1.0
	94
	53.6%

	1.5
	
	70.6%

	2.0
	117
	85.5%

	2.5
	
	94.4%

	3.0
	85
	98.7%

	3.5
	
	102.3%

	4.0
	118
	105.5%

	4.5
	
	107.7%

	5.0
	114
	109.2%

	5.5
	
	110.2%

	6.0
	87
	110.6%

	6.5
	
	111.0%

	7.0
	118
	111.4%

	7.5
	
	111.6%

	8.0
	93
	111.8%

	8.5
	
	111.8%

	9.0
	102
	111.9%

	9.5
	
	112.0%

	10.0
	91
	112.0%

	10.5
	
	112.0%

	11.0
	97
	112.0%

	11.5
	
	112.0%

	12.0
	95
	112.0%

	12.5
	
	112.0%


	Note: the % are greater than 100% because of the 
	revaluation based on the deflators.



Annex 3: A straight line method of withdrawals
This annex provides an alternative to the exponential decay model, based on a ‘straight line’ profile of withdrawals from inventory.
If w(t) is the proportion of the imports which are withdrawn at time t, then based on a  ‘straight line’ withdrawal from inventory, we know:

 				
For some value of ‘a’.  NB this must sum to 1, since we need to distribute the proportion of imports withdrawn over the entire period (0,n).
Solving for ‘a’, yields:

, so [image: ]
That is, using the straight line method, the value of withdrawals at the (instantaneous) time t, is given by the function:

				….(12)
For example, if n=6, we have:
	t
	0
	1
	2
	3
	4
	5

	w(t)
	33.3%
	27.8%
	22.2%
	16.7%
	11.1%
	5.6%



and if n=4, we have: 
	t
	0
	1
	2
	3

	w(t)
	50.0%
	37.5%
	25.0%
	12.5%



Current price changes in inventories
To exclude holding gains from the value of imports at the point at which they are withdrawn we need to estimate the deflator for all (instantaneous) times, t, in the interval (0, n) (see the section on deflators, above).

Taken together, (1) and (12) give the revalued level of imports at time t., , i.e. 




where is the deflator at the time the goods were imported (assumed to be the middle of the month), and is the value of imports at time p.  Note, the value (a - p - 0.5) is used because we need to record the value of withdrawals at the point (a - p - 0.5) after the imports (at time p, where, for example, p=0.5 in the first period, i.e. half way through the month).
To estimate the withdrawals in the interval (a, a+1), we need to integrate with respect to t, i.e.:

		   …(13)


So that (where, for brevity,, in the interval :

 …(14)
Note: the lag, n, should be set equal to integer values only.  If the lag is set = 1.5, for example, then the code will take the value as ‘2’.  If the lag is set equal to zero (i.e. all of the imports are taken to be withdrawn immediately, then while (14) is not defines, the VBA code will set withdrawals equal to the value of imports in the same period.

Finally, to estimate the withdrawals in each calendar month we can calculate the withdrawals in ‘half-month’, i.e. define as withdrawals in period (a, a+0.5), so that: 



; ; . etc.
Generally, the total withdrawals in the period (a, a+1) is given by:

							…(15)


An example
Consider an example:
For n=6, if we regard total imports as being equal to ‘100’, and the deflators at times 0,1,2,…,6 are given by:
	t=
	0
	1
	2
	3
	4
	5
	6

	D(t)
	110
	90
	110
	95
	70
	95
	110



We have:
	t
	0
	0.5
	1
	1.5
	2
	2.5
	3
	3.5
	4
	4.5
	5
	5.5
	6

	D(t)
	110
	100
	90
	100
	110
	102.5
	95
	82.5
	70
	82.5
	95
	102.5
	110

	delta
	
	20
	
	-20
	
	15
	
	25
	
	-25
	
	-15
	

	w(t,t+.5)
	
	0.0
	166.9
	278.6
	380.7
	474.7
	582.4
	363.6
	433.8
	1037.0
	1065.3
	1250.0
	1267.4

	w(t+.5,t+1)
	
	166.9
	332.5
	380.7
	461.3
	582.4
	681.8
	433.8
	498.3
	1065.3
	1081.6
	1267.4
	1272.7

	Total withdrawals
	
	166.9
	165.6
	102.1
	80.6
	107.6
	99.4
	70.2
	64.5
	28.3
	16.3
	17.4
	5.4


NB: the colours indicate where the numbers are the same.
Note, in this case, because the deflators effectively reduce the value of the withdrawals, the total value of withdrawals of the imports made at time to (remember this is equal to 1000) is 924.2 (the sum of the final row in the table). 
Taking the first month (arbitrarily) as ‘May’, we can see the total withdrawals across each half-months (e.g. Jul1, and Jul2): 
[image: ]



Constant price changes in inventories
This is more straightforward than for current prices. In this case we deflate the current price of imports to constant base period prices by dividing by the ratio of the deflator at time t divided by the deflator of the base/reference period, i.e.  

					…(8)
The constant price withdrawals at time t , for goods imported at  time p, is given by:

So that the flow of withdrawals (from the imports in period p) in the period (a, a+1) is given by:



And the total flow of withdrawals from all vintages of imports in the period (a, a+1) is given by:

											…(16)

For example, when n=6, the withdrawals in month 9 (between times t=8 and t=9) are given by:




Expanding the terms gives:
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