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FOREWORD

The Population Division of the Department of Inter-
national Economic and Social Affairs of the United
Nations has been concerned with the measurement of
demographic phenomena for over 30 years. The
research programme of the Division has been designed
to improve the collection, analysis and understanding of
demographic trends and policies; and its analytical stud-
ies on mortality, fertility, urbanization and population
structure have been widely used by both Governments
and scholars.

A series of technical manuals has also been published
by the Population Division, describing methods of
demographic analysis and demographic estimates and
projections needed for the purposes of economic and so-
cial policies. These manuals deal with methods of es-
timating total population for current dates, appraising
the quality of basic data for population estimates, pro-
jecting population by sex and age, estimating basic
demographic measures from incomplete data, projecting
the economically active population, measuring internal
migration, and projecting households and families. The
most recent manuals are Manual VIII: Methods for Pro-
Jjections of Urban and Rural Population' and Manual IX:
The Methodology of Measuring the Impact of Family Plan-
ning Programmes on Fertility.2

In the 1960s, many Governments became increasingly
aware of the implications of the unprecedented popula-
tion trends for economic and social development and
began to consider policies designed to moderate popula-
tion growth. However, adequate demographic data,
especially in developing countries, were lacking. Recog-
nizing that there was a serious gap between the quantita-
tive information about populations and the amount and
quality of data actually available, the Population Com-
mission, at its twelfth session in 1963, recommended that
a manual be prepared on methods of estimating funda-
mental demographic measures from incomplete data,
since it was apparent that there was a need for a manual
that would make it possible for a demo-
grapher/statistician to derive the maximum of reliable
information from data in a census or demographic sur-
vey. At the request of the United Nations, Ansley J.
Coale and Paul Demeny, with the assistance of R. D.
Esten, Erna Harm and S. B. Mukherjee, prepared
Manual IV: Methods of Estimating Basic Demographic
Measures from Incomplete Data,3 which was published in
1967. Its importance and usefulness were quickly recog-
nized by demographers and statisticians throughout the

! United Nations publication, Sales No. E.74.X111.3.
2 United Nations publication, Sales No. E.78.XI111.8.
3 United Nations publication, Sales No. E.67.XII1.2.
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world. Manual I'V was reprinted in 1969 and 1978 to ac-
commodate the many requests.

Since the publication of Manual 1V, a number of new
techniques for estimating fertility and mortality levels
and trends have been developed and many of the earlier
methods have been refined. At its nineteenth session in
1977, the Population Commission recommended that
Manual IV be revised to take into account the advances
in methodology and the changes in the demographic sit-
uation in recent years.4 Since such a revision was al-
ready under way through a project initiated by the Com-
mittee on Population and Demography of the Assembly
of Behavioral and Social Sciences of the National
Research Council, United States National Academy of
Sciences, it was decided that the recommendations of
the Population Commission would be best served by
Joint efforts to develop the present manual.

The Committee on Population and Demography was
established in April 1977 under the Assembly of
Behavioral and Social Sciences of the National
Research Council. Funded by the United States Agency
for International Development, the Committee has un-
dertaken three major tasks: (a) to evaluate available evi-
dence and prepare estimates of levels and trends of fer-
tility and mortality in selected developing countries; (b)
to improve the technologies for estimating fertility and
mortality when only incomplete or inadequate data exist
(including techniques of data collection); and (c) to
evaluate the factors determining the changes in birth
rates in developing countries.

The Committee approached the first task through
careful assessment, by internal and external comparison;
and through analysis, by application of the most reliable
methods known, of all the data sources available. Each
of the country studies undertaken therefore consisted of
the application of a range of methods to a number of
data sets. Best estimates of levels and recent trends were
then developed on the grounds of their consistency and
plausibility, and the robustness of the individual
methods from which they were derived. Several country
reports on levels and trends of fertility and mortality
have been published.’

The Committee’s second task, refinement of metho-
dology, was seen as a by-product of achieving the first.
The application of particular methods to many different
data sets from different countries and referring to
different time periods would inevitably provide valuable
information about the practical functioning of the

4 Official Records of the Economic and Social Council, Sixty-second
Session, Supplement No. 4, para. 186.

5 -Available from the National Academy Press, 2101 Constitution
Avenue, N.W,, Washington, D.C. 20418, United States of America.



methods themselves. Particular data sets might also re-
quire the development of new methodology or the
refinement of existing techniques.

Manual X has its origins in the first task of the Com-
mittee on Population and Demography, but it has grown
to include the presentation of the methodological
developments resulting from the Committee’s work on
its second task. When the Committee was first consider-
ing the establishment of panels to prepare country stud-
ies, it recognized that much of the valuable methodolog-
ical work carried out in the preceding decade was widely
scattered through technical publications which were
difficult to obtain. To facilitate the panel’s estimation
work, the Committee decided that it would be useful to
have a manual of the most up-to-date analytical
methods. As the work of the Committee progressed,
several new methods were developed and a number of
existing methods were refined. In view of the United
Nations work in this area, it was decided that the manu-
al, rather than being a mere tool .in the preparation of
‘country studies, should become an up-to-date com-
prehensive demographic estimation manual to be
developed with the collaboration of the Population
Division of the Department of International Economic
and Social Affairs of the United Nations Secretariat.

The project that is the subject of this report was ap-
proved by the Governing Board of the National
Research Council, whose members are drawn from the
councils of the National Academy of Sciences, the
National Academy of Engineering and the Institute of
Medicine. The members of the Committee responsible
for the report were chosen for their special competences
and with regard for appropriate balance. The report has
been reviewed by a group other than the authors, ac-
cording to procedures approved by a committee consist-
ing of members of the Academies and the Institute.

iv

The United Nations wishes to thank Kenneth Hill and
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6 Report No. 11 of the Committee on Population and Demography:
available from the National Academy Press.
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INTRODUCTION

A. ORIGINS AND SCOPE OF Manual X

Manual X was originally conceived as an aid to popu-
lation experts, mainly from developing countries, to
carry out the best possible evaluation and exploitation of
local data sources. It was also meant to serve as the
framework on which the detailed country reports
prepared by the Committee on Population and Demog-
raphy and its panels should be based. Use of prelim-
inary sections of the Manual to carry out the
Committee’s work programme demonstrated that it is a
useful research tool, disseminating the most recent tech-
niques of demographic estimation. The collaboration of
the Population Division of the Department of Interna-
tional Economic and Social Aflairs of the United
Nations Secretariat with the Committee on Population
and Demography assures an even wider audience for the
Manual , making it yet more important that users under-
stand something of its origins in order to be forewarned
of the limitations of the presentation.

Manual X is particularly valuable because it is the
most complete compilation to date of techniques suited
for the analysis of incomplete or defective demographic
data. Even in this respect, however, the Manual is not
perfect. During the past four years, the field of demo-
graphic estimation has expanded considerably, and the
task of maintaining the Manual completely up-to-date
was beyond the capabilities of its authors. Furthermore,
as new methods were proposed and tested, it frequently
became apparent that their robustness to error was not
as high as expected. Therefore, in several instances,
methods included in preliminary versions of the Manual
had to be altered. Itis possible that some of the methods
included in the present version will require future
modifications to improve their performance. Thus, in
terms both of scope and of detail, this volume cannot be
considered the last word on demographic estimation.

The second quality of Manual X is that it is “user-
oriented”. Emphasis has been given to the way in which
estimation techniques are applied. Detailed examples
are provided, and the overall tendency has been to
include too much detail rather than too little. This strat-
egy contrasts sharply with the practice normally fol-
lowed in papers published by professional journals,
often the only published sources of information about
recently developed methods. Obviously, those already
familiar with the methods described may consider such
a level of detail unnecessary or overwhelming. How-
ever, experience has shown that the detail is useful for
the less sophisticated user, for whom it is essential that
no errors resulting from the faulty application of a
method be confounded with those already present in the
data used.

As a consequence of this user-oriented approach, a
conscious effort has been made to simplify as much as
possible the description of each method and of the
rationale underlying it. Such a strategy is certainly in
agreement with the “how to” character of the Manual,
but it reduces its theoretical significance. Therefore, the
user of Manual X will find information concerning the
available techniques, the basic hypotheses underlying
them, certain guiding principles about cases in which it
is not appropriate to use given methods, detailed exam-
ples of how to apply the techniques proposed and some
guidance as to the interpretation of the results they
yield; but even the mastery of the entire Manual will
provide the user with little insight into how new tech-
niques or alternative approaches to available techniques
can be developed. In this sense, the Manual is more a
tool than a general theory of indirect estimation. The
user who is interested in a more theoretical treatment
should consult the papers available in the demographic
literature, references to which are provided in the text.

A further limitation of the Manual is that it deals
mainly with the estimation of fertility and mortality in
developing countries. There are other demographic
processes affecting the populations of these countries
(migration, for example) which are not treated here.
There is no theoretical reason that the techniques
described should not be applied to accurate data from
developed countries (and indeed many of them have
been, with generally very satisfactory results) except that
such applications are not necessary from the point of
view of evaluating the data, though they are often of
interest in evaluating the methodology itself. One area
of demographic analysis for developed countries in
which the techniques have proved useful is historical
demography, where the data cannot always be assumed
to be accurate. As long as the underlying assumptions
are more or less met, the methods presented can be
applied under any conditions, though their use may not
be necessary.

Perhaps the most serious limitation of Manual X is
that it does not provide sufficient guidance for the
assessment of results, an aspect of analysis that is also
somewhat perfunctorily considered in the literature.
The reason for this omission is that the task of assess-
ment is extremely complex, varying widely from appli-
cation to application. Hence, it is almost impossible to
lay down general rules to perform it. This limitation is
exacerbated to some degree by the modular structure of
the Manual. Indeed, since every section is designed to
be as self-contained as possible, most examples are
treated independently, leaving little room for the inter-
method, intertemporal or interdata comparisons that are
so illuminating in actual analysis. Because the country



studies prepared for the Committee on Population and
Demography of the National Research Council attempt
to establish coherent pictures of the demographic evolu-
tion of a population, taking into account all the relevant
data available, they provide more insights into the
assessment of results from different methods, data sets
and time periods, and into the way that sense can be
made of a variety of imperfectly consistent estimates.
Therefore, it is recommended that users of the Manua!
refer to the country reports listed at the end of this
introduction as examples of how the results yielded by
the methods described herein can be used effectively in
combination rather than in isolation.

B. DEFINITION OF INDIRECT TECHNIQUES
IN DEMOGRAPHIC ESTIMATION

Demographic estimation consists of the attempt to
measure values of basic demographic parameters, such
as the birth rate, the death rate or the level of total fertil-
ity, under less than perfect conditions. These basic
parameters indicate the way in which a population will
evolve, in terms of size and age structure, over time.

The term “indirect” used to qualify some of the tech-
niques used in demographic estimation has its origin in
the fact that such techniques produce estimates of a cer-
tain parameter on the basis of information that is only
indirectly related to its value. The classic example is the
use of the proportion of children dead among those ever
borne by women aged 20-24 years to estimate the proba-
bility of dying before age 2. The observed proportion of
children dead is clearly related to mortality conditions,
but it is not a pure mortality measure because it is
affected by other, non-mortality parameters. In order to
transform this proportion into the desired life-table
function, the other parameters must be allowed for, gen-
erally by using procedures founded on demographic
models. Therefore, not only is the information used
“indirect”, but the procedure followed, although consid-
erably simplified in practice, is by no means straightfor-
ward theoretically. The extent of indirectness varies
greatly, however, among procedures, in terms both of
the reliance on models and of the number of unwanted
factors that have to be allowed for. The term “indirect”
is therefore used to describe any estimation method that
depends upon models or uses consistency checks, or
indeed uses conventional data in an unconventional
way.

C. NEED FOR INDIRECT ESTIMATION

Traditionally, demographic estimation has been based
on data collected by censuses and by a vital registration
system. A continuous registration system usually has the
task of recording vital events (births, deaths, marriages,
divorces etc.) as they occur. When this system is coup-
led with periodic counts of the population (censuses),
the calculation of demographic parameters becomes
possible. Assuming that both the registration of vital
events and the census counts were perfect, demographic
parameters could be calculated directly from the data

reported and there would be no need for indirect estima-
tion. Unfortunately, however, in many countries today,
cither the data-collection systems described above do
not exist or their performance is so poor that the esti-
mates obtained directly from the data they produce are
severely flawed.

Some of the possible deficiencies of a vital registration
system, where it exists at all, may be outlined. The main
deficiency is its failure to record all vital events as they
occur. For example, it is well known that births may go
unregistered for several years. Only when the child is
ready to join the public education system, or some other
type of organization for which a birth certificate is
required, is the birth reported. In countries where a
sizeable proportion of the population has never attended
school or been in any way connected with official organ-
izations demanding identity certificates, many births
may never be registered. The same may be true of the
births of children who die very young; in such cases, the
parents may consider the registration of either the birth
or the death to be futile. Adult deaths are likely either
to be reported near the time of their occurrence or not at
all. In most countries, a death must be registered before
a burial permit is issued. Hence, more people may find
it necessary to report deaths soon after they occur, espe-
cially in urban areas where burial grounds are often re-
stricted to certain areas whose administrators are closely
supervised by government officials. However, the neces-
sity for a burial permit may be practically non-existent
in rural areas, where ties with the government adminis-
tration are weaker. Therefore, it is not surprising to find
that, in spite of the legal necessity of registering deaths,
many of them are never recorded. The vital registration
system may also be deficient in recording characteristics
of events, such as age at death, age of mother at a birth,
or mother’s parity after a birth.

Censuses, the second component of the traditional
demographic estimation input, are also far from yielding
perfect data. They suffer mainly from two types of
error: the failure to enumerate all the members of the
relevant population (though, occasionally, some cen-
suses have also produced population overcounts) and
poor age-reporting on the part of the population can-
vassed. Differential coverage of the population by age
and sex is also very often present (young children, espe-
cially, tend to be undercounted to a greater extent than
the adult population), and its effects cannot always be
separated from those of age misstatement.

D. EVOLUTION OF INDIRECT ESTIMATION
AND THE CONTENTS OF Manual X

Faced with the impossibility of obtaining reasonable
measures of demographic parameters directly from the
traditional data sources, demographers have developed
a set of techniques that allow their indirect estimation.
The development of these techniques has taken two
main courses: either the search for robust methods to
analyse data that have been collected by the traditional
systems (such as a method designed to estimate a death



rate from vital-registration data of uncertain accuracy);
or the search for questions that can be answered with
reasonable accuracy and that provide enough informa-
tion about a certain demographic phenomenon to per-
mit the indirect estimation of its level (for example, the
use of information on the incidence of orphanhood to
estimate adult mortality).

Because of their reliance upon special types of
questions, indirect methods of estimation of the second
type have come to be closely associated with sample sur-
veys. Indeed, the sample survey provides perhaps the
best means for collecting the data required for these
techniques.' '

During the first attempts to obtain estimates of demo-
graphic parameters from data gathered by sample sur-
veys, the questions tried were the straightforward queries
suggested by the traditional data sources. If a birth rate
was to be estimated, the number of births occurring dur-
ing a given year had to be known; hence, the question
“How many births have occurred in this household dur-
ing the past year?” was to be asked. It was soon realized
that one could do better by asking each woman of child-
bearing age in the household: “How many children
have you had during the past year?”; and recording her
age. With that information, age-specific fertility rates
could also be estimated. If an estimate of the death rate
was needed, a question on deaths in the household dur-
ing the year preceding the survey would be used. If a
death had occurred, recording the age and sex of the
deceased would permit the estimation of age-specific
and sex-specific central mortality rates from which a life
table could be derived. Thus, a complete demographic
profile was at hand, just by asking two or three simple
questions.

Unfortunately, the results obtained from these surveys
did not match expectations. The death rates obtained
were almost invariably too low and the birth rates usu-
ally seemed implausible. The failure of the question on
deaths was explained by arguing that people do not like
to talk of such events; they wish to forget them. Also, it
was argued that the occurrence of a death within a
household might bring about the household’s disintegra-
tion, so that the households existing at the time of the
survey would be more likely not to have experienced
deaths of any of their adult members during the preced-
ing year than would those which were in existence at
some time during the course of the year.

A further reason postulated for the poor performance
of these questions was the existence of a misconception
on the part of the respondent of the length of the time
period being alluded to. The vague expression “during
the preceding year” might not be interpreted by those
being interviewed as exactly the 12 months preceding
the interview, but instead as a longer or shorter period,
according to cultural factors.

1 For an in-depth analysis of the various data-collection techniques
now available, see Panel on Data Collection, Collecting Data for the
Estimation of Fertility and Mortality, National Research Councii Com-
mittee on Population and Demography Report No. 6 (Washington,
D.C., National Academy Press, 1981).

Further trials with other ways of phrasing these ques-
tions have shown that their performance may be
improved to some extent by making them more specific.
For example, the period being considered should be
specified as exactly as possible, preferably by quoting
dates that have special relevance for the population
being interviewed. Thus, when a survey is taking place
during the second half of November 1978, for example,
it may be better to ask “How many children have you
had since 1 January of this year?” than “How many
children have you had since 22 November 19777 The
first version of the question does not cover a complete
year, but it would perform better than the second in a
calendar-conscious society because 22 November is not
likely to be a significant date for the respondents. The
systematic errors introduced by restricting the informa-
tion collected to periods that are shorter than a year in
length are easier to correct than are those arising from
incorrect responses.

Yet, although the data produced by these questions
(or by the most recent and best version available to
explore recent births—--namely, “What was the date of
your most recent birth?”—posed to all women of repro-
ductive ages) are better, they are still far from perfect.
Omission and recall errors are always present to varying
degrees so that special analytical tools are necessary for
the assessment and correction of the basic data. Some
20 years ago, Brass® proposed a method that made possi-
ble the adjustment of the reported data on births in the
past year. This method is based on the simple idea of
comparing the declared lifetime, or cumulated, fertility
of young women (children ever born) with cumulated
period fertility obtained from a question on births in the
past year. Brass argued that although the number of
births reported as occurring in the year before the survey
might not be correct, the proportionate error might be
more or less constant with the mother’s age, so that the
age pattern of recent fertility could be accepted even if
the level could not. Similarly, one would expect
younger women to report their lifetime fertility more
accurately, since their births would have occurred fairly
recently, so that their level of lifetime fertility could be
considered reliable. The correction proposed by Brass
was to adopt the two most reliable parts of the informa-
tion available, taking the age pattern of fertility from the
observed number of births in the past year and scaling it
to match the level of fertility indicated by the lifetime
fertility reported by younger women.

That idea gave rise to a series of methods exploiting
the data on children ever born, obtained by asking
women of reproductive ages the question: *“How many
children, who were born alive, have you ever had?”
These methods are presented in chapter II. As far as
possible, all of them take into account the usual
deficiencies of data on children ever born, such as the
tendency of older women to declare fewer children than
the number they have really borne. This tendency has

2 W. Brass, “Uses of census or survey data for the estimation of vital
rates”, (E/CN.14/CAS.4/V5T), papcrfrepared for the African Sem-
inar on Vital Statistics, Addis Ababa, 14-19 December 1964.



been explained by arguing that older women may either
omit those children who have died or report only those
who still live with them. Omission may be minimized
by asking more specific questions, such as: “How many
children do you have who live with you?”, “How many
children do you have who live elsewhere?”, and “How
many children have you had who have died?” The sum
of the responses to these questions gives the desired
number of children ever born.

A by-product of the data on children ever born gath-
ered by the set of three questions just presented is the
number of children surviving among those ever born.
The ratio of these two numbers, that is, the proportion of
the children who are still alive, has long been recognized
as an indicator of child mortality, and Brass® was the
first to suggest a method to transform these ratios (com-
puted for women in each five-year age group) into life-
table measures of mortality. Some of the variants of his
original method are presented in chapter III. They con-
stitute probably the most powerful techniques of indirect
demographic estimation, especially in view of the
difficulty in obtaining valid estimates of child mortality
from registration data where, as pointed out earlier,
deaths of young children are particularly susceptible to
omission.

In the area of adult mortality estimation, two
approaches were developed almost simultaneously. The
first was based on the possibility of gathering data that
would indirectly provide information on adult mortality.
The demographic sample survey provides an ideal
means of collecting these data, because it allows the
types of questions that are expected to provide reason-
ably reliable results to be tested without great expense.
So far, two questions have proved useful for the estima-
tion of adult mortality. One proposed by Brass and Hill*
to estimate female mortality investigates the maternal
orphanhood status of each member of the population
(“Is your mother alive?”); the other is used to estimate
male or female mortality by investigating the survival
status of the first spouse of women or men, respectively,
who have been married at least once (“Is your first hus-
band still alive?”’; “Is your first wife still alive?”).
Responses to these questions have been found to exhibit
some characteristic biases. Young children whose true
mothers have died are very often living with adoptive
mothers; and the respondent to a question on survival of
mother is not likely to make the distinction when
answering, either because he or she simply does not
know about the adoption or because he or she feels that
the matter should not be reported. (Indeed, with young
children, the “respondent” is not really the respondent
at all, since most information is provided by an adult
household member.) Therefore, the true incidence of
orphanhood at younger ages is often underreported and
the adult mortality of young adult females cannot be

3 Ibid. B
4W. Brass and K. H. Hill, “Estimating adult mortality from orphan-
hood”, International Pog:lation Conference, Liege, 1973 (Litge, Inter-

national Union for the Scientific Study of Population, 1973), vol. 3, pp.
111-123.

estimated with confidence. Data on widowhood, on the
other hand, is affected by remarriage. To avoid this
problem, only the survival of the first spouse should be
investigated, and the question should make this distinc-
tion as clear as possible. Furthermore, in countries
where a substantial proportion of the unions are of a
consensual type (that is, not legalized) one must make it
clear to the respondent that “spouse” and “consensual
union partner” are equivalent. When phrased properly,
this question can yield data of good quality. All existing
methods of adult mortality estimation based on orphan-
hood and widowhood data are discussed in chapter IV.

In the second approach to adult mortality estimation,
Brass’ tried to make use of already existing data,
obtained either by a registration system or by a question
on deaths in the past year asked in a survey, on the
number of deaths classified by age and sex occurring
during a given period (usually a year) to a certain popu-
lation of known age distribution. A simple model asso-
ciating the reported age distribution of deaths with the
age distribution of the population was developed, based
on the assumption that deaths are equally underreported
at each age and that the population is stable, and was
used as a method allowing the estimation of the extent
of relative underregistration. This method and a similar
technique proposed by Preston and Coalé® are presented
in chapter V.

Most of the techniques described above are applied to
data that are generally gathered by sample surveys,
though it is primarily cost factors which prevent them
from being gathered by censuses, which are, after all,
only a special type of survey. Yet, typically, censuses
have not included many of the questions necessary for
indirect estimation, in part because of the necessity of
maintaining the census questionnaires short in order not
to prejudice the overall quality of the data. Hence, it is
fairly common for censuses to establish only the age and
sex distribution of the population being counted and,
perhaps, to gather some information on household
structure, as far as demographic information is con-
cerned. Only three questions are required to fulfil this
goal: one on age; one on sex; and one exploring the
relationship of each reported household member to the
head of the household. Almost every census carried out
during the twentieth century has included questions on
age and sex, so that age distributions of the population
by sex are available for many countries for different
points in time. The development of mathematical
models relating different aspects of population growth to
the observed age distribution’ has given rise to several

5 William Brass, Methods for Estimating Fertility and Mortality from
Limited and Defective Data (Chapel Hill, North Carolina, Carolina
Population Center, Laboratories for Population Statistics, 1975).

6 Samuel H. Preston, Ansley J. Coale, James Trussell and Maxine
Weinstein, “Estimating the completeness of reporting of adult deaths
in populations that are approximately stable”, Popwlation Index, vol.
46, No. 2 (Summer 1980), pp. 179-202.

7 Ansley J. Coale and Paul Demeny, Regional Model Life Tables and
Stable Populations (Princeton, New Jersey, Princeton University Press,
1966); and Ansley J. Coale, The Growth and Structure of Human Pop-
ulations: A Mathematical Investigation {Princeton, New Jersey, Prince-
ton University Press, 1972).



techniques of estimation based on the age structure of
the population at a given time.® These techniques often
make use of sets of mortality models or of models of age
distributions of theoretically stable populations. Such
sets are known as “model life tables” and “model stable
populations”, and some of the sets available are
described in chapter 1. The estimation techniques that
use them are presented in chapter VII.

Traditionally, the information yielded by a census
question on relationship to the head of the household
was not used for demographlc estimation purposes. That
situation changed when Cho’ suggested a method that
uses the stated relationship to head of the household to
identify, where possible, the mother of each enumerated
child. Once the child’s.mother is identified, the age of
the child and that of the mother are available; and it is
possible to compute age-specific fertility rates for each
of the 10 or 15 years preceding the census whenever esti-
mates of child and female adult mortality are available.
In countries where young children are not differentially
undercounted, where most young children live with their
mothers and where age-reporting is reasonably accurate,
this method yields good results. It is especially suited for
the study of the age structure of fertility—provided, of
course, that age-misreporting is not severe. Since this
method requires for its application estimates of demo-
graphic parameters that are usually obtained by
methods described in earlier chapters, it is presented in
chapter VIIIL.

Lastly, if a country possesses a relatively good death
registration system, it may be possible to compare its
performance with indicators of mortality provided by
successive censuses, since the difference between counts
of the same cohort at two different points in time is, in
the absence of net migration, only the result of mortal-
ity. A method that, by comparing death registration and
census counts, permits the estimation of death under-
registration and relative census completeness of
enumeration'® is presented in chapter IX.

E. USE OF Manual X

Manual X is intended to describe some of the more
promising techniques currently available to make
indirect estimates of demographic parameters. Each of
the techniques presented is based on a more or less
simplified model of reality, where by “model” is meant a
set of mathematical relations between relevant demo-
graphic variables. Some understanding of the model
underlying each technique is essential for its adequate
use, and to understand a model is to have a clear idea of

8 Manual 1V: Methods o J Estimating Basic Demographic Measures
Sfrom Incomplete Data (United Natlons publication, Sales No.
E.67.X111.2).

9 Lee-Jay Cho, “The own-children approach to fertility estimation:
an elaboration”, International Population Conference, Likge, 1973
(Litge, Intemnational Union for the Scientific tudy of Population,
1973), vol. 2, pp. 263-280.

10.s. Preston and K. Hill, “Estimating the completeness of death
r%slrauon“ Population Studies, vol. 34, No. 2 (July 1980), pp. 349-

the hypotheses or assumptions on which it is based. In
describing each technique in this Manual, the assump-
tions on which its underlying model is based are always
emphasized.

The models underlying the techniques presented often
take into account some of the flaws that are likely to be
present in actual data. For example, the technique that
allows the estimation of total fertility by comparing
cumulated current fertility with reported average parity
specifically assumes that recent fertility has the right
shape but not necessarily the right level. In other words,
it takes into account the deficiencies noticed in data
referring to recent fertility and, in consequence, it is
designed to be robust to the typical errors found in
actual data. As far as possible, other techniques are also
based on models that make some allowance for the
existence of typical data errors and are therefore well
suited to permit the estimation of demographic parame-.
ters from data sets that are less than ideal.

However, even though these techniques are quite
powerful, they do not solve all the problems that arise in
demographic estimation. For example, their perform-
ance is not totally immune to the effects of age-
misreporting, nor is it entirely adequate when
differential errors by age are present. Therefore, the
analyst using these techniques is well-advised to assess
fully the quality of the data being analysed before
accepting or rejecting the parameter values yielded by
particular indirect methods. If a range of indirect tech-
niques can be applied in a particular case, it is unlikely
that their results will be entirely consistent. The choice
of a final estimate among the possible candidates will be
based on knowledge of the ways the methods generally
perform, on knowledge of the particular data sets being
used, and on knowledge of the country itself and its cus-
toms. Such judgements are based largely on experience,
and no attempt has been made in this Manual to provide
general rules for them beyond indicating how particular
errors affect the results of particular methods.

The strategy followed in producing Manual X has
been to describe in the simplest possible way the
assumptions and, if necessary, the actual models on
which each technique is based; and to provide the
reader with a detailed description of the actual applica-
tion of each method. The organization of each section
describing a technique consists usually of four subsec-
tions. The introductory portion describes the basis of
the method and its rationale; the second lists the data
required for its application; the third describes, in
general terms, how the method is applied; and the
fourth is an example of its application to an actual data
set. Both the subsection describing the computational
procedure and that corresponding to the detailed exam-
ple are divided into different and clearly labelled steps.

As far as possible, the section describing a particular
technique is intended to be independent from other sec-
tions of the Manual, so that the user may refer to it
without having to work through the entire volume.
Occasionally, when a section is not entirely self-
contained or self-explanatory, the reader is referred to



other parts of the Manual where the necessary concepts
or procedures are explained. However, the user should
always read the introductory comments of a chapter
before using a method from that chapter, since the gen-
eral characteristics of the data are described in that sec-
tion.

In general, all the techniques presented are fairly easy
to apply. The procedures described are especially suited
for the analyst who possesses a hand calculator and
some patience, and who is willing to carry out some-
times lengthy computations carefully. The background
required to understand the assumptions and the pro-
cedures described in chapters 1I-IX consists of a famil-
iarity with basic demographic measures and a command
of algebra. However, it is realized that to grasp fully the
mathematical derivation of the demographic models
presented in chapter I, a good command of statistics and
of calculus is necessary. This chapter, although present-
ing some background material that is very useful in
understanding the other chapters of the Manual, does
not conform to their level of simplicity; and although it
is recommended that every user read it, full understand-
ing of its contents is not necessary for the successful
application of the methods described.

It is hoped that this Manual will fulfil two functions:
as a didactic tool especially suited for those wishing to
learn how to perform indirect demographic estimation;
and as a handbook for the experienced demographer

who needs a quick guide to the application of a variety -

of demographic estimation techniques. It is strongly
recommended that both types of users read this intro-
duction entirely before approaching the techniques
themselves, as it contains the information necessary to
understand the conventions and notations used
throughout the Manual. Furthermore, when only one
method in a given chapter is of interest to the user, it is
recommended that the introductory section of the
chapter be read before focusing on the method itself.
This section usually states the assumptions on which the

TABLE |

method is based and the errors typically found in the
type of data being used. It should not, therefore, be
overlooked.

The techniques presented have been grouped into
chapters according to the type of data they require and
not according to the type of estimates they yield. There-
fore, several chapters need to be considered when one is
interested in parameter types rather than in data types.
For example, age-specific fertility rates may be
estimated from data on children ever born or from
census or survey data where the identification of own-
children is possible; and while ali the techniques using
data on children ever born to estimate fertility are
presented in chapter I, the own-children method of fer-
tility estimation is presented in chapter VIII, together
with other reverse-survival techniques. The same obser-
vation could be made about adult mortality estimation,
which can be performed either when a distribution of
deaths by age and sex exists or when data on orphan-
hood and widowhood or even when successive age dis-
tributions are available. It is hoped that table 1 and the
annotated index tables of each chapter may make the
selection of the techniques applicable to different data
sets straightforward.

To conclude, it should be pointed out that although
all the examples presented are based on real data, the
results obtained from the application of a certain
method to an isolated set of information should not be
considered definitive. Frequently, the application of a
method requires several pieces of information obtained
from different data sets or sources; and it is impossible
within the scope of this Manual to assess in each case
whether these external pieces of information are satis-
factory. In other instances, the application of a certain
method of estimation reveals inconsistencies in the data
that make the results suspect. In such cases, further
exploratory and explanatory work would be required to
resolve these inconsistencies. Yet, since the purpose of
Manual X is to illustrate the way in which the methods

SCHEMATIC GUIDE TO Manual X

Chapter

Type

of input data Estimated parameters

1. Estimation of fertility based on
information about children
ever born

Children ever born
Births in the past year
Number of women

Total fertility
Age-specific rates
Birth rate

Total population

IIt.  Estimation of child mortality
from information on children
ever born and children sur-
viving

1V.  Estimation of adult survivor-
ship probabilities from infor-
mation on orphanhood and
widowhood

Respondents with father alive
Respondents with father dead

Children surviving
Children dead

Children ever born
Number of women

Respondents with mother alive
Respondents with mother dead

Probabilities of surviving
from birth 1(2): 1(3):
1(S): 1(10): 1(15): 1(20)

Probabilities of surviving
from age 25 to age 25 +
x. for x=10. 15, ... 60
among females

Probabilities of surviving
from age 32.5 (or 37.5) to
age 35 + x (or 40 + x)
for x=10, 15, ... 55
among males



TABLE |  (continued)

Type of input data

Estimated parameters

Ever-married female popula-
tion with first husband alive
Ever-married female popula-
tion with first husband dead

Ever-married male population
with first wife alive

Ever-married male population
with first wife dead

V. Estimation of adult mortality Deaths classified by age
from information on the dis- Population classified by age
tribution of deaths by age Growth rate
VL. Derivation of a smooth life Estimates of child mortality
table from a set of survivor- Estimates of adult mortality
ship probabilities from orphanhood, or widow-
hood, or death registration
VIL. Fertility and mortality estima- Growth rate
tion using model stable age Child mortality (/(z))
distributions Age distribution
VIII. Estimation of fertility by Population classified by age
reverse-survival methods Estimates of child mortality
Growth rate
Enumerated children by single
year of age and single year of
mother’s age
Female population by single
years
Estimates of child mortality
Estimates of female adult mor-
tality
IX. Estimation of adult mortality Population enumerated at two

using successive census age
distributions

points in time five or 10 years
apart, classified by five-year
age group

Population enumerated at two
points in time classified by
age

Recorded intercensal
classified by age

deaths

Probabilities of surviving
from age 20 to age x, for
x =25, 30, ..., 60 among
males

Probabilities of surviving
from age 20 to age x, for
x =25, 30, ..., 55 among
females

Adjustment  factor  for
deaths

Adjusted age-specific cen-
tral mortality rates for
ages over 10

Complete life table

Birth rate

Death rate

Gross reproduction rate
Life table

Birth rate

Age-specific fertility rates
for the 10 or 15 years
preceding enumeration

Total fertility for the same
time period

Life table

Completeness of death
registration
Completeness of census
enumeration

Life table

are applied and not to obtain complete, coherent demo-
graphic profiles of the cases studied, a thorough valida-
tion of the results obtained has not generally been
attempted. Hence, although this Manual is well suited
to instruct the user on how to obtain the pieces of the
puzzle, it does not go far enough in showing how to put
them together to form a consistent picture of the demo-
graphic situation of the population concerned.

F. DEFINITIONS AND CONVENTIONS

This section discusses briefly the conventions used
throughout this Manual concerning both notation and
some general definitions. Of course, the specific
definitions needed in particular chapters are given there;
but in order to avoid repetition, frequently used symbols
are defined in this section.

First to be discussed is notation. Because of the wide

variety of concepts used, it has been impossible not to
assign different meanings to the same symbol in
different chapters. Even though this practice clearly
violates strict mathematical conventions, its flexibility
far outweighs the slight confusion, if any, that it may
cause. In order to avoid such confusion completely, the
reader must be aware of the cases in which different
meanings are associated with the same symbol. Within
any chapter, a given symbol always refers to the same
type of data; however, its exact algebraic definition may
vary according to indices associated with it. For exam-
ple, the symbol N usually represents the number of per-
sons in some age group, but N(x) is the symbol used to
represent the number of persons in the age group from x
to x +1; sN, is the number of persons whose exact ages
range from x to x +5, N(x +) represents the number of
persons aged x and over, and N(x —) is the number of
persons below age x. Of course, the exact definition of



each of these variations of the symbol N is stated within
the chapter where it is used, but it would be helpful for
the user to remember these frequently used variations of
meaning.

Another example is the use of P to represent average
parity. Usually, P(i) represents the average parity of
women whose ages range from x,=1045() to
x,=10+5( +1), although occasionally it represents the
average parity of women who were first married
between y;= 5(i — 1) and y,= 5(i) years before the sur-
vey. Furthermore, in sections where more than one sur-
vey is considered, P (i, t) is used to represent the average
parity of women in group i at time 7.

Some symbols have different meanings in different
chapters. Since this Manual is organized in a modular
fashion, with each chapter or module being largely
independent of other chapters, this misuse of symbols is
not expected to cause problems. For example, it will be
quite clear to the reader that in chapter VII, C(x) is
used to represent the proportion of the population under
age x, while in chapter V, the letter C is used to
represent the estimated completeness factor for death
registration. Since each of these definitions of C is used
consistently within each chapter, it is unlikely that con-
fusion’ will arise, as long as it is remembered that
chapters should be treated as modules.

On the other hand, some symbols are used con-
sistently throughout the Manual. These symbols are
defined below:

b: birth rate. More accurately called the “crude birth
rate”, b is the ratio of the number of births occurring in
a population during a given period and the number of.
person-years lived by the population during that time
period. The latter figure is usually approximated by the
size of the population at the mid-point of the period,
multiplied by the length of the period in years. This rate
is usually expressed in births per 1,000 population; that
is, its true value is multiplied by 1,000. Yet, in this
Manual , this convention is not followed. Therefore, all
birth rates quoted are numbers smaller than unity, which
require multiplication by 1,000 to be comparable to
figures cited elsewhere;

d: death rate. The complete name of d is the “crude
death rate”. It is the ratio of the number of deaths
occurring in a population during a certain time period
and the person-years lived by the population during that
time period. An approximation of this number of
person-years lived is often obtained by multiplying the
mid-period population by the period length in years.
Usually, death rates are also expressed per 1,000 popula-
tion (that is, their true value is multiplied by 1,000), but
this practice is not followed here. Hence, all death rates
quoted in the Manual are numbers smaller than unity;

r: growth rate. More properly known as the “crude
rate of natural increase,” r is the difference between the
birth. and death rates defined above. Crude rates of
natural increase are often expressed as percentages.
This practice is entirely avoided in this Manual, but
especially in this case, the reader must be aware of it so
as to be able to make the correct comparisons between

the figures quoted here and those presented in other
sources. As an example, note that a value of r = 0.0280,
the form in which growth rates are expressed herein, is
equivalent to a growth rate of 2.80 per cent in conven-
tional form;

q(x): probability of dying. Throughout the Manual,
the life-table probability of dying between birth and
exact age x is denoted by g(x). Being a probability, the
value of g(x) cannot be greater than one. Although its
value can also be quoted as per 100 (per cent) or per
1,000, it is not the usual practice to do so. Hence, the
reader will find that the g(x) values given here have the
same form as those generally used elsewhere;

I(x): probability of surviving. The value of /(x) is,
in probability terms, the complement of g(x), that is,
[(x)=1.0—¢(x). By definition, /(x) is the probability
of surviving from birth to exact age x; and it is conven-
tional practice to express the /(x) values in per 1,000 or
per 10,000 form. This practice is especially prevalent in
the construction of life tables where /(x) is also-inter-
preted as the number of persons of exact age x in a sta-
tionary population with radix /(0). The arbitrary selec-
tion of the value of /(0) amounts to multiplying all the
true probability values of /(x) by a constant, in order to
avoid using decimal points. In most of this Manual , 1(0)
has the value of one; and therefore, /(x) is a probability
value never greater than one. However, an exception to
this convention occurs in section D of chapter IX, where
the radix of the estimated /(x) values cannot be known,
therefore making impossible their translation into true
probabilities of survival from birth. The user should
make a note of the general convention and of this main
exception in order to make allowance for the final posi-
tion of the decimal point when making calculations or
comparisons with respect to other estimates;

e,: expectation of life. The symbol e, is used to
denote the average expectation of life of a group of sur-
vivors on reaching age x. The expectation of life at
birth is denoted by e;. The value of e, represents the
average number of years that the members of the sta-
tionary (life-table) population alive at exact age x may
expect to live. The reciprocal of e,(1.0/e,) is the death
rate over age x for the stationary population. Another
name for e, is “life expectancy at age x”’;

sm, . central death rates, specific by age. The symbol
sm, is used to represent central death rates calculated
directly from the number of deaths occurring to the pop-
ulation in the age group from x to x +5 and the
person-years lived. When the equivalent measure is cal-
culated for a stationary population (life table), an
upper-case M is used to indicate this fact (sM, );

P: average parity. Demographers define parity as the
number of live births a woman has had. Average parity
is, therefore, the average number of live births per
woman, or the average number of children ever born
per woman. The use of the index i to denote that aver-
age parities refer to different age groups of women has
become common practice. Therefore, instead of denot-
ing the average parity of women in age group 15-19 by
sPs, as the usual actuarial notation would dictate, the



symbol P(1) was selected. Ease in typing P(i) rather
than 5P, has led to the widespread acceptance of the
former notation, and it was adopted for this Manual. In
fact, it has even been abused, in a sense, because i
represents both age and marriage-duration groups,
according to the case at hand, and it was extended by
using it to index some variables other than parity.
Because of the simplicity and frequent use of the index-
ing variable i in this Manual and elsewhere, the user is
advised to become familiar with it;

fi): age-specific fertility rate. In this Manual, f (i)
represents the age-specific fertility rate of women whose
age ranges from x,=10+5i to x;=104+5( +1). In
general, the index i used for parities is used in an identi-
cal fashion for age-specific fertility rates. Thus, f(1)
represents the age-specific fertility rate for women aged
15-19;

TF: total fertility. Total fertility is, by definition, the
average number of children born to women who survive
the entire reproductive life span; it can be either a
period or a cohort measure. When total fertility is meas-
ured on the basis of period data, it is an estimate of the
average number of children born to members of a

hypothetical, mortality-free cohort that is subject, during
its entire reproductive life, to the age-specific fertility
rates for the period. Thus, if the age limits of female
reproduction are taken as being 15 and 50,

7
TF=53f();

i=1

Exp and In: the exponential and the natural loga-
rithm, respectively. The symbol exp is used to denote
the value of e, an irrational number whose first seven
digits are.2.718282. This number is defined mathemati-
cally as the base of natural logarithms (denoted in this
Manual by In, though also commonly denoted by log, ).
The use of exponential and logarithmic functions is
common in the specification of demographic models and
the reader should be acquainted with their mathematical
properties.

Even though this list of consistently used symbols is
not exhaustive, it does highlight the most important
characteristics of the relevant ones. The reader may find
it useful to consult this section whenever any of the sym-
bols listed here appears in later chapters.
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Chapter 1
DEMOGRAPHIC MODELS

A. GENERAL BACKGROUND

Demographic models are an attempt to represent
demographic processes in the form of a mathematical
function or set of functions relating two or more measur-
able demographic variables. The primary purpose of
modelling is simplification, to reduce a confusing mass
of numbers to a few, intelligible basic parameters, or to
make possible an approximate representation of reality
without its complexity.

Because all demographic models attempt to represent
reality, they are based to a greater or lesser extent on
actual data. Yet, according to their degree of depen-
dence upon observed data, two broad categories can be
distinguished. On the one hand, there are models that
can be derived solely from a set of simple assumptions
or postulates. An example is the stable population
model which arises from assuming that fertility and
mortality have remained constant for a sufficiently long
period. The proof of the convergence of almost any ini-
tial age distribution to a stable state after being subject
for a long time to constant fertility and mortality can be
carried out mathematically without recourse to any type
of observed data.! Yet, a model of this sort is powerful
only to the extent to which it reflects an actual process.
Therefore, even though the stable population model is
not derived from actuzl observations, only the good fit it
provides to the age structures of populations that might
reasonably be considered “stable” (i.e., having been
subject to unchanging fertility and mortality for many
years) establishes its value.

On the other hand, there are models that could not be
derived at all if suitable data were not available. In this
category are most of the model life tables that have been
proposed. These models arise from the systematic
analysis of observed mortality patterns and from the
discovery and exploitation of common patterns present
in them.

In general, most models fall between these two
extremes; that is, their basis is neither purely empirical
nor purely theoretical. In fact, some have evolved from
a purely empirical to a purely theoretical foundation.
An example of this type of evolution is the nuptiality
model first presented by Coale? It arose from the

! Alfred J. Lotka and F. R. Sharpe. “A problem in age-
distribution™, Philosophical Magacine, vol. 21. No. 124 (April 1911), pp.
435-438: and Ansley J. Coale, The Growth and Structure ~(VHuman Pop-
ulations: A Mathematical Investigation (Princeton, New Jersey, Prince-
ton University Press, 1972).

2 Ansley J. Coale. ““Age pattérns of marriage™, Population Studies,
vol. XXV, No. 2 (July 1971), pp. 193-214.

analysis of marriage rates among selected populations.
Coale discovered that by suitably changing the spread,
the location and the area under the nuptiality schedules
of these populations, they could all be made to conform
to the same standard shape. Further analysis showed
that this shape could be closely approximated by a
probability density function corresponding to the sum of
a normal and several exponential random variables.

In probability theory, an exponentially distributed
random variable is frequently used as a model of
waiting-time periods. Hence, the density that approx-
imates the standard nuptiality schedule suggests an
appealing description of the process by which marriage
takes place: women enter the “marriage market” (they
become socially acceptable candidates for marriage)
according to a normal distribution; and, once they reach
this state, their actual time of entrance into marriage is
just the sum of several waiting times (the time to find the
right partner, the time to arrange a wedding etc.).

The description of this particular process of model
creation seems interesting because it clearly illustrates
how profitable the interaction between fact and theory
may be. Besides, this model is especially appealing
because it achieves an almost perfect amalgamation of
reality and mathematical theory. Not only does the final
equation arrived at describe the observed data with high
accuracy, but once discovered, its interpretation appears
most reasonable. The model proposed serves at the same
time as a summary and as an explanation of reality.
Ideally, every model should fulfil these two purposes.

Unfortunately, the modelling of other demographic
phenomena has not been equally successful. Yet,
undoubtedly, the aim of researchers in this field is to
arrive at models that, while being as economical as pos-
sible in the number of parameters they incorporate, are
also flexible enough to approximate all the relevant vari-
ations observable in real data, and whose form and
parameters have meaningful interpretations in reality.

The next sections describe several useful demographic
models in the areas of mortality, nuptiality, fertility and
population age structure. Attention is focused on those
models which have been relevant in the development of
indirect estimation techniques, mainly because of the
important part such models have played in allowing the
simulation of demographic data. These simulated data
have been used as a basis for the investigation of the
relations existing between. on the one hand, quantities
that are measured without difficulty and, on the other
hand. more useful demographic parameters whose
values are not easily determined directly.



B.

A life table provides a summary description of the
effects of age-specific mortality rates upon a birth
cohort. The very earliest demographic models attempted
to describe in mathematical form the variations of mor-
tality with age, particularly the increase in the risk of
dying after childhood. Attempts to describe by a single
mathematical function mortality experience throughout
life have found it difficult to reproduce the characteristic
U or J shape of mortality rates by age. This difficulty led
to a new approach in creating mortality models or
model life tables. Instead of trying to relate the risk of
dying solely to age, risks at a given age were related to
the risks observed at other ages or to risks observed in
other populations at similar ages. Because the relations
explored have, in general, shed no light on a plausible
theoretical interpretation of how the process of mortality
occurs, most of the model life tables existing to date
depend heavily upon empirical data. At least four sys-
tems of model life tables have been developed on the
principle of narrowing the choice of a life table to those
deemed feasible on the basis of examination of mortality
risks calculated for actual populations. These systems
vary in the range of human experience they encompass,
so that one may be more appropriate than another for a
particular case. Each of them is described in detail
below.

MORTALITY MODELS: MODEL LIFE TABLES

1. United Nations model life tables

The first set of model life tables was developed by the
Population Division of the United Nations Secretariat
during the 1950s.> This set, subsequently published in a
revised form,* is based on a collection of 158 observed
life tables for each sex. The model tables were con-
structed by assuming that the value of each sq, (the
probability of dying between age x and x + 5 in a life
table) is a quadratic function of the previous g value,
namely, sq, _s (except for the first two age groups, 1o
and 4q, all the other groups considered are five years in
length). This assumption implies that the knowledge of
only one mortality parameter (o or an equivalent
“level” that indexes the ,q¢ values used) would deter-
mine a complete life table. The United Nations model
life tables are thus a one-parameter system.

Since the coefficients of the quadratic equations relat-
ing each sq, value to its predecessor were not known a
priori, they had to be estimated on the basis of observed
data. Regression was used to estimate these coefficients
from the 158 mortality schedules available for each sex.
Once they were estimated, calculation of the actual
model life tables was straightforward: a convenient
value of ;g would be chosen arbitrarily; it would then
be substituted in the equation relating g, to 44, so that a
value of 49, would be obtained which, in turn, would be
used to generate a value of sqs through the equation
relating sq;s t0 4¢1, and so on.

3 Age and Sex Patterns of Mortality: Model Life Tables for Under-
Developed Countries (United Nations publication, Sales No. 55.XI11.9).

4 Manual I11: Methods for Population Projections by Sex and Age
(United Nations publication, Sales No.56.Xll{.3).
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There are inherent disadvantages in the “chaining”
technique used in calculating the United Nations model
tables, especially when, as in this case, the quadratic
equations relating one parameter to the next are not
exact. Although the regression method of fitting equa-
tions to data does make some allowance for the
existence of errors, it assumes that the distribution of
these errors is known and that their mean is zero. The
presence of systematic errors with non-zero mean
(biases) may severely affect the estimates yielded by
fitted regression equations, and their adverse effects are
very likely to be augmented by the chaining technique
described above whereby errors in one estimate would
only contribute to accentuated errors in the next.

Furthermore, the 158 tables used as the data base
from which the regression coefficients of the fitted equa-
tions were estimated were not all of the same quality.
Because many tables from developing countries were
used in the data base, mortality data with numerous
deficiencies were included; and since large areas of the
world did not possess any mortality statistics, life tables
for those areas could not be included in the data base.

Owing to these shortcomings and to the fact that a
one-parameter system lacks the flexibility required to
approximate adequately the variety of cases encoun-
tered in reality, the United Nations life tables were soon
superseded by other model sets which, though based on
a similar approach, tried to avoid the pitfalls encoun-
tered by the creators of the first system. However, the
United Nations set established the usefulness of a model
life-table system.

2. Coale and Demeny regional model life tables

The Coale and Demeny’ regional model life tables
were published in 1966. They were derived from a set of
192 life tables by sex recorded for actual populations.
That set included life tables from several time periods
(39 of them relate to the period before 1900 and 69 refer
to the period after the Second World War) and was
heavily weighted towards Western experiences. Europe,
Northern America, Australia and New Zealand contrib-
uted a total of 176 tables. The remaining 16 tables were
from Africa and Asia: 3 from Israel; 6 from Japan; 3
from Taiwan Province; and 4 from the white popula-
tions of South Africa. The 192 life tables were chosen for
inclusion from an original set of 326 tables. Life tables
in which age patterns exhibited large deviations from
the norm were excluded. All of the 192 life tables
selected were derived from the registration data and
from the complete enumeration of the populations to
which they refer. Most tables covered entire countries,
but a few representing the mortality experience of subre-
gions also were included, especially when that experi-
ence showed distinctive characteristics that persisted
over time.

A preliminary analysis of the tables revealed that four
different mortality patterns could be distinguished

5 Ansley J. Coale and Paul Demeny, Regional Model Life Tables and
S;able Populations (Princeton. New Jersey. Princeton University Press,
1966).



among them. Those patterns were labelled “North™,
“South™, “East” and “West” because of the predom-
inance of European countries belonging to the various
regions in each category. Hence, the adjective
“regional” was applied to the entire set.

The countries whose life tables underlie each of the
patterns identified and the outstanding characteristics of
the patterns are discussed below:

(a) East model. The life tables underlying the East
model come mainly from Austria, Germany (before
1900), the Federal Republic of Germany (after the
Second World War), and northern and central [taly,
although some from Czechoslovakia and Poland are
also included. When the pattern of these tables is com-
pared with the “standard pattern” (that exhibited by the
majority of tables), their deviations from the standard
follow a U shape, revealing their relatively high mortal-
ity rates in infancy and at older ages (over age 50). A
total of 31 tables was used to estimate this model. The
life expectancy in those tables ranges from a low of 36.6
years for Bavaria in 1878 to a high of 72.3 years for
Czechoslovakia in 1958;

(b) North model. The observed life tables underlying
the North model come from Iceland (1941-1950), Nor-
way (1856-1880 and 1946-1955) and Sweden (1851-
1890). Nine tables were used to derive this pattern of
mortality, characterized by comparatively low infant
mortality coupled with relatively high child mortality
and by mortality rates above age 50 that fall increasingly
below those of the standard. The populations displaying
this mortality pattern were very probably subject to
endemic tuberculosis (positive deviations from the
standard pattern in the middle age range, from age 10 to
40, suggest this fact). Therefore, this model is recom-
mended as an adequate representation of mortality in
populations where the incidence of this disease is high.
Life expectancy in these tables ranges from 44.4 years
(Sweden, 1851-1860) to 74.7 years (Norway, 1951-1955);

(c) South model. The South model is based on life
tables for Spain. Portugal, Italy, southern Italy and the
region of Sicily, covering a period from 1876 to 1957.
The levels of life expectancy range from 35.7 years
(Spain, 1900) to 68.8 years (southern Italy, 1954-1957).
A total of 22 tables was used in deriving this model.
Their mortality pattern is characterized by high mortal-
ity under age 5, low mortality from about age 40 to age
60, and high mortality over age 65 in relation to the
standard;

(d) West model The West model is based on the
residual tables, that is, those not used in the derivation
of the other regional sets. Their mortality patterns do not
deviate systematically from the standard pattern
obtained when all the available life tables are put
together; and, in this sense, they are closer to the stand-
ard than those on which other regional sets are based.
Furthermore, because this model is derived from the
largest number and broadest variety of cases, it is
believed to represent the most general mortality pattern.
For this reason, the West model is often recommended
as a first choice to represent mortality in countries where

lack of evidence prevents a more appropriate choice of
model. It is of interest that the age pattern exhibited by
the West model is very similar to that of the earlier
United Nations life tables. Life expectancy in these
tables ranges from 38.6 years (Taiwan Province, 1921) to
75.2 years (Sweden, 1959).

Having identified each of the four patterns present in
the observed life tables, the coefficients of linear equa-
tions relating the values of , g, to ey, the expectation of

" life at age 10, and those relating the values of logo(» ¢« )
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to e o were estimated by using least-squares regression.
From the equations thus established, it was simple to
derive a complete set of ,g, values, and, therefore, a
model life table, from any given value of e,o. The exact
equation used (whether on , g, or on logo(, ¢« )) for each
section of the age range changed according to some sim-
ple criteria;® but, essentially, the models derived from
these equations depend, within each region, upon only
one parameter, namely, e)o. Twenty-four values of e)g
for females were selected so that they would produce eq
values ranging from 20 to 77.5 years, increasing in steps
of 2.5 years.

The female ey values were then used to estimate e
values for males on the basis of the mortality

“differentials by sex present in the actual data. In this

way, pairs of life tables (one for each sex) were gener-
ated for each level of mortality considered. For simplic-
ity, the pair of life tables with a female ey of 20 was
identified as level 1 and that with a female e of 77.5
became level 24. An explanation of how the different
functions that constitute a life table were calculated
from the , g, values can be found in the life tables them-
selves.

In order to give the user a better idea of the relation-
ships between the four different mortality patterns
embodied by these models, figures 1-4 show plots of the
proportional deviations of the , g, values of models
North, South and East from those of West. In all cases,
the , ¢, values compared refer to female level 9 (with an
e of 40 years). The exact function plotted in figures 1-4
is

Z()= [1gc/ngl | 10

where the index W indicates model West.

As figure 1 shows, model North is characterized by a
somewhat lower infant mortality than that of West, by
significantly higher child mortality (over the age range
from 1 to 10) and by adult mortality (over the range
from 20 to 50) that, although lower than that of West, is
higher than the values associated with either South or
East (see figure 4). It is also worth noting that at older
ages (over 65) North is the model with the lowest mor-
tality.

Model South (shown in figure 2) exhibits higher child
mortality than West (over the range from 0 to 5), the

6 Ibid,
7 Ibid.



Figure 1. Relative deviations of North model values for the probability
of dying, ,g,. {rom those of the West model for females, level 9
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Figure 2. Relative deviations of South model values for the probability
of dying, gy, from those of the West model for females, level 9
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lowest adult mortality among all models (see figure 4)
and somewhat high mortality over age 65.

Model East (shown in figure 3) displays a relatively
high infant mortality, coupled with the lowest child mor-
tality in all models (see figure 4) and an adult mortality
that falls between that of South and North. It is also
characterized by having the highest mortality at older
ages (over age 65).

Note should be taken that, as shown in figure 4, the
model having the highest probabilities of dying at adult
ages (20-50 years) is the West model (although when
mortality is very low, the North model shows higher
adult mortality); and only the East model is lower than
the West model in terms of child mortality (probabilities
of dying between ages 3 and 10).

At the time of its creation, this set of model life tables
was probably the most general and flexible model of
mortality available, and its widespread use has helped to
demonstrate both its strengths and weaknesses. Among
the latter, the most important is that, even though more
varied than other sets of tables, the patterns embodied
by the regional model life tables do not cover the entire
range of human experience. For example, Demeny and
Shorter® found that none of the four model patterns con-

8 Paul Demeny and Frederic C. Shorter, Estimating Turkish Mor:ali-
?», Fertility and Age Structure (Istanbul, Istanbul University, Statistics
nstitute, 1968).
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tained in the model life tables adequately reflects the
Turkish experience. In general, because the data upon
which the regional model life tables are based include
very few examples from developing countries, it is possi-
ble that the patterns of mortality characteristic of these
countries may be different from those represented by the
models (see subsection B.5 for a discussion of the new
United Nations model life tables).

However, owing to their long-standing use and
acceptance, the Coale-Demeny life tables have become
a necessary tool in indirect estimation; and they are
consistently used in the worked examples presented in
this Manual.

When employing these models, a problem that always
arises is the selection of the mortality pattern that best
represents the mortality prevalent in the country or
region being studied. As described above, the regional
model life tables contain four families or patterns of
mortality. The most striking differences between these
families are well known; and because the tables them-
selves are available, they can be investigated further by
any analyst. Of course, if there are reasonable estimates
of the mortality pattern for a given country, the best
model can be selected by comparing the observed pat-
tern to those embodied by the model tables. But when
almost no reliable information on the incidence of mor-
tality by age is available, the analyst can do little more
than guess which pattern would be most appropriate.



Figure 3. Relative deviations of East model values for the probability
of dying, .g, from those of the West model for females, level 9
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In situations where all extra information is lacking,
the use of the West family is recommended because of
the relatively wider data base from which it was derived.
As for the “extra information” that would permit a more
enlightened selection, it can vary considerably in type
and quality, ranging, for example, from estimates of
age-specific mortality rates derived from vital registra-
tion to knowledge of some fairly general facts, such as
the extent to which breast-feeding is practised or the
probable incidence of tuberculosis. When a set of
observed age-specific mortality rates is available (prefer-
ably a set adjusted according to the methods described
in chapter V), a model mortality pattern may be chosen
by comparing the observed sm, values to those
corresponding to model life tables belonging to different
families and whose levels (i.e., their expectation of life)
roughly correspond to those of the observed rates. This
comparison may be carried out by dividing the observed
sm, values by those of the model. Exact agreement
between the two values would yield a quotient value of
one. Therefore, the family whose quotient values are, on
the average, closest to one could be selected as an
appropriate representation of observed mortality. A
slightly more sophisticated procedure would be to select
the model set that minimizes the sum of the squared
deviations from 1.0 of the ratios of observed sm, over
model ; M, values.

The selection of an adequate family is especially
important when the indirect estimation of infant and

Figure 4. Relative deviations of the North, South and East values for
the probability of dying, ,q,, with respect to those of the West model
for females, level 9
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child mortality is to be attempted. According to the
description given above of the four mortality patterns
contained in the regional model life tables, it is evident
that they differ most markedly in their values at early
ages and in the relation between infant (1q¢) and child
(sq1) mortality. It follows that quite different child mor-
tality estimates may be obtained from the same informa-
tion according to which family is selected as represen-
tative. Furthermore, in this case, reasonably sound
external evidence that would permit a solid selection is
very hard to obtain, mainly because infant deaths are
very often grossly underreported. Currently, in the
absence of adequate empirical data for selecting a fam-
ily of model life tables, only the few general guide-lines
given below may be proposed to narrow the possibilities
and lead to a reasonable choice:

(@) In a population where breast-feeding is common
practice and where weaning occurs at a relatively late
age (12 months or over), one may reasonably expect
child mortality (4q,) to be relatively higher than infant
mortality (q¢) since breast-feeding may successfully
prevent deaths due to malnutrition and infectious
diseases among young infants. When weaning takes
place, however, the child is less protected from these
perils and is more likely to die. In these cases, mortality



in childhood is likely to be well represented by the
North family. Yet, it cannot be inferred from these
observations that the North family will also provide an
appropriate mortality model for other sections of the age
range. More information on the incidence of mortality
in adulthood is necessary to establish this fact;

(b) In some populations today, breast-feeding has
been abandoned by a high proportion of the female
population; and, from a very early age, infants are fed
unsterilized and often inadequate rations of “milk for-
mula”. When this practice is adopted by women living
in relatively unhealthy conditions, a higher degree of
malnutrition and an increase of the incidence of infec-
tious diseases among infants are observed. Under these
conditions, a pattern of mortality similar to that of the
South family may be a good representation of mortality
in childhood;

(c) Early weaning may not be the only cause of mal-
nutrition which results in a high child-to-infant mortality
ratio. In some populations, breast-feeding is nearly
universal but nutritional levels are low and both infant
and child mortality are high. For such least developed
countries, either the South or the North families of
model life tables may be the most appropriate;

(d) If it is known that infant mortality is very high in
relation to child mortality because of the prevalence of
neonatal tetanus or some other cause, the East family
may best reflect the actual age pattern of mortality;

(e) In the absence of data adequate to determine the
most suitable family of model life tables to use for a par-
ticular country, one may select the same family as that
employed for a neighbouring country with similar cul-
tural and socio-economic characteristics;

(f) If little is known about the population under
study, the West model is recommended, simply on the
grounds of generality.

From these remarks, it is clear that the knowledge
about mortality patterns is still fairly limited and that,
certainly, better information concerning the mortality
experience of populations in developing countries is
needed to assess the adequacy of the models now avail-
able.

3. Ledermann’s system of model life tables

Ledermann and Breas’ used factor analysis to identify
the most important variables or factors explaining the
variation among a set of 154 observed life tables. The
data base was nearly identical to that used for the earlier
United Nations tables (see subsection B.1) and therefore
had the same advantages and shortcomings.

Five factors were found to explain most of the varia-
bility among the observed tables. The first and largest is
associated with a general mortality level; the second
refers to the relation between child and adult mortality;
the third is related to the pattern of mortality at older
ages, while the fourth is related to the pattern of mortal-

9 Sull
talité”,
pp. 637-

Ledermann and Jean Breas, “Les dimensions de la mor-
o&ulalion (Paris), vol. 14, No. 4 (October-December 1959),
682.
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ity under age 5; and lastly, the fifth reflects the
differential between male and female mortality in the
age range from 5 to 70.

At a later date, Ledermann'® developed a series of
one-parameter and two-parameter model life tables
based on the regression analysis of the 154 actual life
tables used in his first study of mortality patterns. The
model life tables were obtained by estimating the proba-
bilities of dying between ages x and x + 5, sq,, for
males, females and both sexes combined, through loga-
rithmic regression equations of the following type:

Insg, = ag(x)+a(x) InQ (B.1)
for the one-parameter models, and
Insg, = bo(x)+b1(x)InQ, +by(x)InQ; (B.2)

for the two-parameter models, where Q, @, and Q, are
the independent variables used in each case, and a;(x)
and b;(x ) represent the estimated regression coefficients
for the age group from x to x + 5.

Ledermann’s models form a flexible system. While the
early United Nations and the four Coale-Demeny
regression models are based on just one independent
variable (190 and e, respectively), Ledermann
estimated different sets of regression coefficients for
equations (B.1) and (B.2), each based on a different
independent variable or pair of variables. In the case of
the one-parameter models, seven independent variables
were used, namely: e, 190, 540, 1590, 20430, 20445 and
mso, (the central mortality rate for ages 50 and over).
The two-parameter models were obtained by using the
following pairs of independent variables: sqo and 209455
1590 and 2q30; and ;sqo and mso,. Every parameter
refers to both sexes, except for 3043, which refers only to
females. The use of different independent variables to
generate each set of model life tables makes it easier for
the user to avoid the bias introduced when a model life
table is identified by way of an observed value that is not
the independent variable used to generate the model.
For example, this type of bias is introduced when, in the
Coale-Demeny system, a life table is identified on the
basis of the observed I/, value rather than on the basis of
the observed e g. However, even though the Ledermann
set does provide a wider variety of entry values that
minimize the bias in identifying an appropriate model,
in practice most of these values are not easily estimated
with an adequate degree of accuracy for developing
countries, so that the introduction of some bias cannot
be avoided.

The Ledermann models also incorporate a feature
absent in other tables. They provide not only the
estimated values of the probabilities of dying but a
measure of the dispersion of the observed values around
the estimated values (20, , where o, is the standard error
of the sq, values estimated through a regression equa-

10 Sully Ledermann, Nouvelles tables-types de mortalité, Travaux
et Documents, Cahier No. 53 (Paris, Institut -national d’études
démographiques, 1969).



tion). Obviously, this measure refers only to the
particular life tables from which the regression
coefficients were calculated, and the former do not
necessarily cover all possible situations. Nevertheless,
the measures of dispersion presented do indicate the
possible magnitude of the discrepancies between
estimated and actual values.

In addition, the Ledermann tables reflect the sex
differentials in age patterns of mortality and the way in
which these differentials vary with respect to the overall
level of mortality in actual life tables. Thus, for example,
the effects of maternal mortality at high mortality levels
are translated into a marked excess of female mortality
in the early reproductive ages, but such excess disap-
pears in tables of the same model corresponding to
lower mortality levels.

‘This characteristic, however, may be a potential
shortcoming of the system, because even though regres-
sion coefficients are given for the calculation of separate
life tables for each sex, the independent variables used
refer, with only one exception, to parameters obtained
from data on both sexes combined. Thus, the user is
forced to accept the relationships between male and
female mortality that the model embodies, relationships
that may not always be satisfactory. For instance, it is
almost impossible to estimate from Ledermann’s models
a life table in which the male expectation of life exceeds
that for females. When little is known about the sex
differentials prevailing in a population, it is highly desir-
able to analyse data for each sex separately. On these
grounds, the Ledermann tables are of limited value for
the study of such populations. It may also be noted that,
for applications to developing countries, the Ledermann
system is not easy to use, as its independent variables, or
points of entry into the tables, cannot be readily
estimated by the indirect techniques currently available.

4. Brass logit life-table system

The main shortcoming of the model life-table systems
described above is their dependence upon the type of
data that generated them. The rather restricted data base
used for this purpose and the fact that the model systems
themselves consist of only a finite number of cases which
cannot be expected to represent all possible human
experience make them less than ideal. Another type of
model is needed. Naturally, this model should ade-
quately reflect the patterns found in empirical mortality
data. However, it should not be constrained to represent
exclusively the patterns these data embody for, as
pointed out earlier, the true mortality experience of
many populations has not yet been ascertained with any
degree of accuracy, and it may or may not strictly con-
form to patterns observed in countries where accurate
measurement has been possible.

A model that provides a greater degree of flexibility is
that proposed by Brass and colleagues,'' better known
as the “logit system”. Brass attempted to relate

11 William Brass and others. ke Demography of Tropical Africa
(Princeton, New Jersey, Princeton University%’ress‘ l9{58). P 4
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mathematically two different life tables. He discovered
that a certain transformation of the probabilities of sur-
vival to age x (/(x) values in life-table terms) made the
relationship between corresponding probabilities for
different life tables approximately linear. In other words,
if one lets A(/(x)) represent some transformation of the
value /(x ), for empirical data, the linear relationship:

AI*(x))= a+BA((x))
where /*(x) and /(x) are two different life tables, and a

and B are constants, is approximately true for all vaues
of x if A is defined specifically as

(B.3)

A (x))=logit (1.0—I(x))=

0.51n ((1.0—1(x))/1(x)). (B.4)

Those familiar with the logit as defined in statistics
will notice that A is just a special case of this function,
being calculated for the probabilistic complement of
/(x) rather than for /(x) itself, as would be usual prac-
tice in statistics where the logit of a probability p is:

logit (p)= 0.5 In (p /(1.0—p)). (B.5)

Assuming that, for any pair of life tables, values of a
and B can be found such that equation (B.3) is satisfied,
it can be proved that the A transformation of any life
table can be expressed as a linear function of the A
transformation of some “standard” life table. That is, if
equation (B.3) holds for every pair of life tables, all life
tables can be generated from a single life table by
changing the pairs of (a, B) values used. In fact, this
proposition is not strictly true because the assumption
made, namely, that (B.3) represents an exact relation-
ship between life tables, is not entirely true. Equation
(B.3) is only approximately satisfied by pairs of actual
life tables, but the approximation is close enough to
warrant the use of this relation to study and fit observed
mortality schedules.

Before describing how equation (B.3) is used to gen-
erate model life tables, a word about the meaning of the
parameters a and B is in order. Consider the life tables
I*(x) that can be generated by selecting a specific life
table /(x) and calculating A(/ *(x)) for different values
of @ and B. If B were to remain constant and equal to
one, for instance, different values of a would produce
life tables /*(x) whose shapes would essentially be the
same as the /(x) table used to generate them, but whose
overall levels would change (see figure 5). If, on the
other hand, a remains fixed and B is allowed to vary, the
resulting / *(x) life tables will no longer display the same
shape as /(x). All of the /*(x) tables will intersect at a
single point located somewhere in the central portion of
the age range. Therefore, their probabilities of survival
will be either lower at younger ages and higher at older
ages or lower at younger ages and higher at the older
than the standard survival probabilities /(x ) from which
they are generated (see figure 6). Hence, a changing



Figure 5. Life tables derived through the logit system, letting B=10
and using the Brass general standard
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Figure 6. Life tables derived through the logit system, letting «= 0.0
and using the Brass general standard
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value of B modifies the shape of the generated mortality
schedule rather than its level. Naturally, simultaneous
changes of a and B will bring about changes in both the
level and shape of the mortality schedule being gen-
erated.

From equations (B.3) and (B.4), the following expres-
sion can be derived:

I*(x)=(1.04+expa +28\(I(x))))""'  (B.6)
so that, for any set of /(x) values defining a life table,
another set /*(x) can be obtained by using any pair of a
and B values. (Note should be taken that at the end-
points of the age range, where /(x) is either 0 or 1, equa-
tion (B.6) cannot be used to calculate /*(x). Rather,
1*(0) and /*(w) should be arbitrarily set equal to one
and to zero, respectively.) Equation (B.6) can be used to
generate model life tables simply by selecting an ade-
quate standard. Potentially, any life table can be used as
a standard, but for simulation and fitting purposes the
standard proposed by Brass'? is very frequently used.
This “general” standard (presented in table 2) is
different from the so-called “African” standard also pro-
posed by Brass.”’ The latter is characterized by lower
infant mortality and higher child mortality. In this
Manual, only the Brass “general” standard is used.

Because of the mathematical simplicity of equations

12 See K. Hill and J. Trussell, “Further developments in indirect
mortality estimation”, Population Studies, vol. XXXI, No. 2 (July
1977), pp. 313-333.

13 W. Brass and others, op. cit.
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(B.4) and (B.6), the use of model life tables generated by
means of the A transformation (also call the “logit” from
here on) does not require that the resulting values be
available in printed form. However, some such values
have been printed. For example, Carrier and Hobcraft'
produced a set of model tables from the African stand-
ard by fixing the value of B at one. This set represents,
therefore, a one-parameter system of model life tables.

The simple mathematical form of equation (B.6) also
simplifies its use in computer applications. For this rea-
son, life tables generated by the logit system are very
often used for simulation purposes. Furthermore, the
logit system is particularly appropriate for projecting
mortality. If the past and current mortality schedules of
a population are known, trends in the « and B parame-
ters can be determined by using the logit model life-
table system to fit each mortality schedule, and with
some caution these trends can be projected to generate
estimates of future mortality.

In this Manual, the logit system is used to fit the
adjusted mortality rates of a population and to syn-
thesize independent estimates of child and adult mortal-
ity into coherent mortality schedules.

5. United Nations model life tables for

developing countries
As more data of better quality have become available

14 Norman H. Carrier and John Hobcraft, Demographic Estimation
Jor Developing Societies: A Manual of Techniques for the Detection and
Reduction of Errors in Demographic Data (London, London School of
Economics, Population Investigation Committee, 1971).




TABLE2. LOGIT VALUES FOR THE BRASS GENERAL STANDARD LIFE TABLE
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for less developed countries it has become evident that
the age patterns of mortality exhibited by their popula-
tions often differ from those recorded in the developed
countries during the period 1850-1960, and consequently
from those embodied in the models described above.
For this reason, the Population Division of the Depart-
ment of International Economic and Social Affairs of
the United Nations Secretariat prepared and recently
published a set of model life tables based on data from
developing countries."®

Although the availability and reliability of data from
the less developed regions have increased remarkably
since the publication of the early United Nations life
tables in 1955 and the Coale-Demeny tables in 1966,
such data remain essentially poor. As a result, careful
evaluation, selection and adjustment procedures were
used to construct the data base upon which the new
United Nations models were constructed. This data
base consists of 36 life tables by sex (72 in total), cover-
ing a wide range of mortality levels (for 10 life tables, eo
is below 50 years; and for another 10, e, is 70 years or
greater). Geographically, 16 pairs of male/female life
tables were obtained from 10 countries of Latin Amer-
ica, 19 from 11 countries of Asia, and one from Africa.
The meagre contribution by Africa reflects both a short-
coming and a strength of this system—a shortcoming
in that the lack of data from Affrica casts doubts about
the use of the resulting madels to represent the experi-
ence of this major area, a strength in that the rejection of
whatever data were available for sub-Saharan Africa,
usually of extremely low quality, is to some extent a
validation of the evaluation procedures used to select
the data base and a partial assurance that the empirical
tables underlying these models are of generally high
quality so that the models themselves reflect distinctive

15 Model Life Tables for Developing Countries (United Nations publi-
cation, Sales No. E.81.XIIL7).
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patterns of mortality in developing countries rather than
typical patterns of data flaws.

The new United Nations model life tables are similar
to the Coale and Demeny set in that distinct patterns of
age-specific mortality schedules have been identified
and are published in detail. In addition, the new models
incorporate a greater degree of in-built flexibility, allow-
ing the user to construct mortality patterns different
from those actually published. In this sense, they are
more akin to the logit system proposed by Brass.

Four distinct patterns of mortality were identified on
the basis of the data available. Because of the predomi-
nance of these patterns in certain geographical regions,
they are identified in regional terms as the “Latin Amer-
ican”, the “Chilean”, the “South Asian” and the “Far
Eastern” patterns.'® A fifth pattern, called the “general”
pattern, was constructed as the overall average of those
listed above.

In order to illustrate the differences between the Coale
and Demeny models and the United Nations patterns,
figure 7 shows plots of the ratios ,q, /,q), where the
superscript W indicates the West model in the Coale-
Demeny set. Comparisons are made between , g, values
corresponding to life tables with the same life expect-
ancy at age 10. Levels 9, 15 and 21 of the Coale-
Demeny tables for females are used as denominators.
These comparisons highlight the most distinctive
characteristics of the new United Nations patterns,
which are discussed below.

The Latin American model, when compared with the
West family of the Coale and Demeny models, exhibits
high mortality during the infant and childhood years
(due mainly to excess diarrhoeal and parasitic diseases),
and again during the young adult ages (largely due to

16 The labelling used for these patterns does not relate to the geo-
g;aphical divisions established by the Population Division of the

partment of Intemational Economic and Social Affairs of the
Umited Nations Secretariat.



Figure 7. Comparison of the mortality patterns in the United Nations model life tables
for developing countries with the West family of the Coale and Demeny set
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accidents). It also exhibits relatively low levels at older
ages, apparently because of comparatively low death
rates due to cardio-vascular diseases.

The Chilean pattern is characterized mainly by
extremely high infant mortality in relation to both the
West family and its own child mortality. This excessive
infant mortality appears to be due mainly to deaths from
respiratory diseases and may also be related to early
weaning. '

The South Asian pattern in typified by extremely high
mortality under age 15 and relatively high mortality at
older ages (over age 55 approximately). Correspond-
ingly, mortality during the prime adult ages is relatively
low. Data about causes of death are scarce in this
region; however, those gathered by the International
Diarrhoeal Disease Research Centre in Matlab, Bang-
ladesh, and by the Indian Model Registration Project
reveal high rates of diarrhoeal and parasitic diseases at
younger ages and high mortality from diarrhoeal and
respiratory diseases at older ages.

The Far Eastern pattern exhibits very high death rates
at the older ages compared with those at younger ages.
There is some evidence that this distinctive pattern may
be due to a past history of tuberculosis.

The general pattern (not shown), which can be con-
sidered an average of the four regional patterns de-
scribed above, is very similar to the West family of the
Coale-Demeny set. ’

As mentioned earlier, these tables combine the advan-
tages of the Coale and Demeny regional system and its
detailed publication format with the type of flexibility
inherent in the Brass logit system. Such characteristics
were achieved by using principal component analysis to
construct each model, after preliminary clustering of the
data had been carried out. Clustering allowed the
identification of the four distinctive patterns described
above. Within each cluster equations of the form

k
logit(n qx): U6x + 2 a; ljﬁ‘ (B7)

i=1

were fitted, where ,q, is the observed probability of
dying between ages x and x + n; Up, is the overall
average (in logit terms) for cluster ¢; Ui, represents the
characteristic deviation of the observed from the aver-
age; and the coefficient g; indicates the size of such devi-
ations. Because the fitting procedure used identifies the
U, values as the principal components of the observed
gy vectors (with x ranging from 0 to w), the Uy, vector
can be interpreted as a measure of the average mortality
model within each cluster, while U,, may be interpreted
as a measure of the typical deviations from that average
as mortality levels change. Deviations from the overall
average not due purely to changes in level are embodied
by the second and third principal components, U,, and
Us,, respectively. Hence, in constructing the one-
parameter models printed in the tables, equation (B.7)
with k =1 was used, but setting k=2 or k=3 and
selecting a; values judiciously allows the user to derive
mortality schedules whose pattern deviates from that of
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the printed tables. In this way, the flexibility of the
models is enhanced.

In spite of their qualities, the United Nations life
tables for developing countries are not used in this
Manual, mainly because they were. not yet available at
the time of its preparation. In addition, because some of
the methods described in the remainder of this volume
have been developed on the basis of the Coale-Demeny
models, it would be unfair to judge their performance on
the basis of new models. The development of variations
of these methods specifically designed for use with the
new United Nations models is currently being under-
taken and will soon add to the tools available for the
analysis of demographic data in the developing coun-
tries.

C. MODEL STABLE POPULATIONS

The concept of a stable population was first formu-
lated by Lotka,'” who proved that almost any popula-
tion that is subject to constant fertility and mortality for
a sufficiently long time acquires ultimately an unchang-
ing age distribution which is characteristic of the pre-
vailing fertility and mortality rates, and which is
independent of the initial age distribution. He called the
end-product of such constant fertility and mortality con-
ditions a stable population and established that the
stable age distribution has the following form:

c(x)="b exp(—rx)l(x) (C.1)
where c¢(x) is the infinitesimal proportion of the stable
population at exact age x (c(x) is actually a density
function), b is the constant birth rate, r is the constant
rate of natural increase and /(x) is the probability of
surviving from birth to age x (the usual life-table func-
tion).

Using equation (C.1) and recalling that an integral
can be interpreted as a sum of infinitesimals, one can
deduce that the proportion under age y, C(y), is

C(y)= foyb exp(—rx ) (x )dx

and, since for the highest age possible, denoted by
w, C(w) must equal one (that is, the portion of the popu-
lation under the highest age attainable must be the
entire population), it follows that

fowb exp(—rx )l (x )dx = 1.0

(C2)

(C3)

or

w —1
b= [ fo exp(—rx ) (x)dx (C.4)

Equations (C.2) and (C.4) allow the computation of
the age distribution of a stable population whenever its
mortality schedule (/(x)) and its growth rate (r) are
known.

17 A.J. Lotka and F. R. Sharpe, loc. cit.




Model stable populations arise from the use of model
mortality schedules or life tables to generate, through
equations (C.2) and (C.4), stable age distributions for
selected values of r. Among the five types of model life
tables discussed above, at least four have been used to
generate model stable populations. The Coale-Demeny
set has probably been the most widely used for the pur-
pose of demographic estimation (cf. chapter VII). Four
families of model stable populations are included in this
set: one for each of the patterns of mortality it contains.
Stable age distributions are printed for each sex
separately, for values of r ranging from —0.01 to 0.05
(increasing in steps of 0.005 at a time), for values of the
gross reproduction rate ranging from 1.0 to 6.0 (increas-
ing in steps of 0.25) and for the 24 mortality levels of
each family. Each age structure is accompanied by a
series of other parameter values corresponding to the
stable population it represents. These values include the
death and birth rates and the gross reproduction rate.
The degree of detail in which this set is tabulated makes
it rather simple to use.

Another set of stable populations was published by
Carrier and Hoberaft,'® who computed stable age distri-
butions based on life tables calculated by using the logit
system with the African standard. Two types of life
tables are presented: one in which B is held constant
with a value of one, and another where both a and B are
allowed to change. This set of stable populations is far
less detailed than the Coale-Demeny set, but its use for
estimation purposes may be required in situations where
none of the Coale-Demeny mortality patterns is judged
to approximate adequately the mortality experienced by
an actual population.

The United Nations also published a set of model
stable populations that can be used for demographic
estimation, especially in cases where the other sets are
not able to provide an acceptable fit.'® Lastly, the
United Nations has recently published a new set of
model stable populations corresponding to its new
model life tables2® 'Stable populations are presented for
each of the five United Nations mortality patterns, for
growth rates from 0.0 to 4.0 per cent by 0.5 per cent
increments and for life expectancies at birth from 35 to
75 years by one-year increments. Intrinsic birth and
death rates are also presented.

D. NUPTIALITY MODELS

As mentioned in section A of this chapter, while
studying first-marriage frequencies (the number of first
marriages taking place in a short age interval divided by
the number of persons in that interval) in different
female populations (or, more precisely, in different
female cohorts), Coale?' discovered that they could all

18 N. H. Carrier and J. Hoberaft, op. cit.

19 The Concept of a Stable Population: Application to the Study of Pop-
ulations of Countries with Incomplete Demographic Statistics, Population
Studies No. 39 (United Nations publication, Sales No. 65.X111.3).

20 Stable Populations Corresponding to the New United Nations Model
Life Tables for Developing Countries (ST /ESA /SER.R /44).

21 A.J. Coale, “Age patterns of marriage”.
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be made to conform to a common standard pattern.
The observed curves of first-marriage frequencies by age
differed from one another only in the age at which mar-
riage began, the rate at which marriages took place and
the ultimate proportion that ever married. Therefore, a
transformation of their origin, and of the horizontal and
vertical scales, was all that was required to make them
conform to a standard. Once a common pattern was
discovered among the transformed distributions, a
standard was calculated on the basis of period data from
Sweden (1865-1869). The availability of this standard
permitted the calculation of an empirical risk function
R(x), whose values quantify the risk of marrying for the
first time at each age. By trial and error, Coale
discovered that a good fit to R(x) was obtained by the
double exponential function

R;(x)=0.174 exp(—4.411 exp(—0.309x)). (D.])

It was later proved? that this standard risk function is
closely approximated by the density function associated
with an infinite sum of independent, exponentially dis-
tributed random variables. The exact form of this stand-
ard density function, g,(x), is

g (x)=0.1946 exp(—0.174(x —6.06)

— exp(—0.288(x —6.06))). (D.2)

The fit of this function to the empirical standard is just
as good as that of a density corresponding to the sum of
a normally distributed random variable and several
independent, exponential delays, and equation (D.2)
was adopted as a model because it is easier to handle
mathematically.

If the effect of differential mortality and migration by
marital status on the proportion of women who have
ever been married is neglected, the existence of a stand-
ard curve of first-marriage frequencies implies the
existence of a standard curve describing the proportions
ever married by age for any given cohort. The shape of
this curve is standard but, naturally, there are differences
in the beginning age at marriage (the age at which mar-
riages begin taking place among members of a cohort),
in the pace at which the curve rises and in the ultimate
proportion getting married (the proportion ever married
by the age at which first-marriage rates have fallen
essentially to zero). If one denotes by G, (x) the stand-
ard proportion ever married x years after marriages
begin, then G(a), the proportion married by age a in
some true cohort, can be expressed as

G(a)=6G;((a —ao)/v) (D3)

where © is the ultimate proportion ever married, a is
the age at which first marriages begin and vy is the scale

22 Ansley J. Coale and Donald R. McNeil, “The distribution by age
of the freguency of first marriage in a female cohort™, Journal of the
4:3»:;1:«91’1 tatistical Association, vol. 67, No. 340 (December 1972), pp-



factor expressing the number of years of nuptiality in the
given population which are equivalent to one year in the
standard population.

Since, mathematically, G;(x) is just the integral of
g (x)

6= §, a0, (D4)

the density g(a) associated with the cohort described
above can be obtained from equations (D.3) and (D 4)
by making a change of variable in the latter and substi-
tuting in the former. The result implies that g(a) has the
form

g(a)=(0.19468 /y)expl( —0.174/y)(a —ay—6.06y)
—expl(—0.288/7)(a —ay—6.06y)]l.  (D.5)

No analytical experssion for G(a) has been found, but
its value for any age a can be calculated by the numeri-
cal integration of g(a), since

G(a)= f a:g (»)dy. (D.6)

The problem of fitting a model of the type defined by
equation (D.5) to an actual population consists of identi-
fying values of the parameters ©, ay and y that ade-
quately reflect the experience of the population in ques-
tion. Approximate values for these parameters may be
estimated from the knowledge of the proportions single
classified by age. Normally, the proportion single in age
group 50-54 may be considered an estimate of U(w), the
proportion who never marry. Therefore, the proportion
who will eventually marry, ©, may be estimated by:

0=1-U(w). (D.7)

Furthermore, it is known that the mean of the fitted
first-marriage schedule is ag+11.37y. This mean, also
known as the “singulate mean age of marriage”,
SMAM, can be estimated from the proportions single
classified by age by a simple procedure first proposed by
Hajnal® and described in detail in annex I. Since

SMAM =a,+1137y (D8)

then

Y= (SMAM —ag)/11.37 (D.9)
so that if both SMAM and a are known, y can be easily
estimated. The estimation of ay is usually carried out in
a very rough way. It is assumed that marriages in most
developing countries begin early; and unless there is evi-
dence to the contrary, ag is selected to be 13 or 14 years.
Values of 12 or 15 may also be used. The exact value of
ag is generally not crucial. Equation (D.9) can then be

23 John Hajnal, “Age at marriage and proportions marrying”. Popu-
lation Studies, vol. V11, No. 2 (November 1953}, pp. 1 11-136.
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used to estimate y. Once values for 8, qy and y have
been estimated, Coale* provides tables that make the
calculation of first-marriage frequencies and of the pro-
portion ever married by age a simple matter.

To conclude, it may be mentioned that although,
strictly speaking, model (D.5) only describes the first-
marriage experience of a cohort, in practice, the propor-
tions of women who have ever been married observed
during a given period may also be closely approximated
by this model, particularly if marriage patterns have
remained constant, but also, and more surprisingly, in
cases where marriage patterns have been changing.

E. FERTILITY MODELS

1.  Coale and Trussell model

Louis Henry®® discovered that in populations where
there is hittle or no voluntary control of fertility the age
pattern of fertility within marriage is approximately con-
stant. According to Henry, voluntary control is any
behaviour affecting fertility that is modified as parity
increases. He called “natural fertility”, h(x), the fertility
observed in the absence of control and was able to infer
its general pattern from the study of several populations
where voluntary fertility control was presumed absent.
In these populations, the level of natural fertility varied,
but its age pattern remained the same. Henry attributed
level variations between populations to differences in
overall health, the practice of breast-feeding and any
other physical or social factors that might affect the mar-
ital fertility experience of women irrespective of their
parity.

In 1974, Coale and Trussell® proposed a model that,
by generalizing the pattern of natural fertility, was able
to represent the fertility experience of populations where
voluntary fertility control was exercised. This model is
based on the following assumption: marital fertility
either follows natural fertility (if deliberate birth control
is not practised); or it departs from natural fertility in a
way that increases with age according to a typical pat-
tern. Therefore, if one denotes by ¢(x) marital fertility
at age x and by h(x) natural fertility at the same age, in
a population where fertility is controlled voluntarily,

$(x)= Mh(x)5(x) (E.1)
where M is a parameter indicating the level of natural
fertility that the population would experience in the
absence of all voluntary control and 8(x ) is a function of
age indicating the typical pattern of departure from
natural fertility when voluntary control is exercised.

By examining the function §(x) calculated for several

24 A.J. Coale, ““Age patterns of marriage”

25 Louis Henry, “Some data on natural fertility™. Eugenics Quarterly,
vol. VIiL, No. 2 (June 1961). pp. 81-91.

26 Ansley J. Coale and T. Jumes Trussell. “Model fertility schedules:
variations 1n the age structurc of childbearing in human populations™,
Population Index, vol. 40. No. 2 (April 1974). pp. 185-258.



populations, Coale and Trussell*’ found that it could be
represented by

d(x)= exp(mu(x)) (E2)
where the function of »(x) was very nearly the same for
different populations and the parameter m changed
from population to population. They interpreted these
results as meaning that »(x) represents the typical pat-
tern of deviation from natural fertility when deliberate
birth control is practised, while m measures the degree
to which this control is practised. The final model of
marital fertility arrived at is appealing both mathemati-
cally and theoretically. It can easily be derived from
equations (E.1) and (E.2) and has the form

¢(i)= Mh (i Jexp(m (i )) (E-3)
where the index i is used in place of age x to indicate
that, in general, only data referring to five-year age
groups are used. Values of the two functions k(i) and
»(i) have been estimated, and are shown in table 3.

TABLE 3. STANDARD PATTERN OF NATURAL FERTILITY AND OF DEVIA-
TIONS FROM NATURAL FERTILITY, BY AGE GROUP, FOR THE COALE AND
TRUSSELL FERTILITY MODEL

Deviation pattern
Jfrom
Nasural natural
Index Sertility Jertility
i h(i) #(i)
2) 3) (4)
1 0411 0.000
2 0.460 0.000
3 0.431 -0.279
4 0.395 ~0.667
S 0322 —1.042
6 0.167 —1.414
7 0.024 —1.671

Therefore, this model can be fitted to any population
whose marital fertility rates are known by just identify-
ing the values of the parameters M and m. Coale and
Trussell?® suggest two possible ways of estimating M
and m. According to the first and simplest procedure,

M=6(2)/h(2) (E.4)

and

,
m =022 In[¢®i)/Mh(i))/y(i).
i=3

(E.5)

That is, the level of marital fertility ‘M is defined by the
relation between the observed marital and natural fertil-
ity rates at ages 20-24, at which ages voluntary control of
fertility is deemed to have no effect on pattern; while m
is just the mean of the m (i) values that can be estimated
directly from the observed ¢(i) once M is known.

27 Ibid,
28 Ibid.; and Ansley J. Coale and T. James Trussell,
note: findin

mantal fertility
202-213.

“Technical
the two }Jarameters that specify a model schedule of
, Popuiation Index, vol. 44, No. 2 (April 1978), pp.
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The second approach makes use of the following re-

expression of (E.3):

In(¢p(i)/h(i))=In(M)+mu(i) (E.6)
which clearly shows that the quantities In(¢(i )/A (i )) and
v(i ) are linearly related. Therefore, In(M) and m can be
estimated by identifying the line that best fits
the observed [In(¢(i)/h(i)), »(i)] points. Coale and
Trussell®® recommend the use of the least-squares
method to fit this line and suggest that only the points
corresponding to age groups from 20-24 to 40-44 (i
ranging from 2 to 6) should be considered.

Note that the values of the standard function »(i)
indicating the pattern of deviations from natural fertility
(cf. table 3) are all either negative or zero. Furthermore,
the absolute value of »(i) increases as age increases.
Therefore, a positive value of m indicates that in the
population being studied marital fertility falls increas-
ingly short of natural fertility as age increases (see figure
8). A negative value of m would indicate, on the con-
trary, that marital fertility is increasingly higher than
natural fertility as age advances. If m = 0, natural fertil-
ity and the marital fertility under observation follow the
same pattern.

Figure 8. Coale and Trussell fertility schedules: combinations of early
marriage and various degrees of fertility control; and late marriage
with the same degrees of fertility control
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Model (E.3) can be used not only to investigate the
pattern of marital fertility that a population experiences
but to generate model marital fertility schedules that can
be very useful for simulation purposes. Yet, since in

29 A.J. Coale and T. J. Trussell, “Technical note: ﬁndlng the two
parameters that specify a model schedule of marital fertility”.



